HIGHER CORRELATIONS OF DIVISOR SUMS RELATED TO 
PRIMES I: TRIPLE CORRELATIONS 

D. A. GOLDSTON AND C. Y. YILDIRIM 



Abstract. We obtain the triple correlations for a truncated divisor sum re- 
lated to primes. We also obtain the mixed correlations for this divisor sum 
when it is summed over the primes, and give some applications to primes in 
short intervals. 



1. Introduction 

This is the first in a series of papers concerned with the calculation of higher 
correlations of short divisor sums that are approximations for the von Mangoldt 
function A(n), where A(n) is defined to be logp if n = p™, p a prime, m a positive 
integer, and to be zero otherwise. These higher correlations have applications to 
the theory of primes which is our motivation for their study. In this first paper we 
will calculate the pair and triple correlations for 

(1.1) AR{n) = J2 /^(^) log(i?/rf), for n > 1, 

d\n 
d<R 

and Aj^{n) = if n < 0. In later papers in this series we will examine quadruple 
and higher correlations, and also examine the more delicate divisor sum 

(1.2) Afl(n) = Y,^Y1 ^^('^)' foi" " ^ 1' 

r<fl d\r 
d\n 

and XR(n) = if n < 0. The correlations we are interested in evaluating are 

N 

(1.3) Sk{N,j, a) = Y, Ai?(n + jiT'ARin + iz)"^ • • • Anin + jrT^ 

n=l 

and 

N 

(1.4) Sk{N, j, a) = Y, Afl,(n + jirAnin + js)"^ • • • An{n + jr-iT^'Ain + jV) 

n=l 

where j = (ji,j2,-- - ,Jr) a nd a — (oi, a2, . . . a^), the jiS are distinct integers, 
Oi > 1 and X)I=i ~ ^- ( |l.4| ) we assume that r > 2 and take = 1. For later 
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convenience we define 

N 

(1.5) Si{NJ,a) = J2Hn + Ji)-N 

n=l 

with \ ji I < by the prime number theorem. For k — 1 and k = 2 these correlations 
have been evaluated before ||] (and for Xqin) they have been evaluated in |^); the 
results show that An and Xr mimic the behavior of A, and this is also the case in 
arithmetic progressions, see [0, |]lT| . 

When k > 3 the procedure for evaluating these correlations is complicated, and 
it is easy to make mistakes in the calculations. Therefore we have chosen to first 
treat the triple correlations in detail. The main terms in the theorems can often be 
obtained in an easier way by evaluating the multiple sums in a different order or 
with a different decomposition of the initial summands; the method used here was 
chosen to control the error terms and generalize to higher correlations. Recently 
we have found a somewhat different method which is preferable for higher values of 
k. This method will be used in the third paper in this series. We can not compute 
correlations which contain a factor A(n)A(n + k), k ^ 0, without knowledge about 
prime twins. This limits our applications, and further the mixed correlations (1.4) 



can only be calculated for shorter divisor sums than the pure correlations (1.3) of 
Afl(rt), which degrades to some extent the results we obtain. When we assume 
the Elliott-Halberstam conjecture we can eliminate this latter problem and obtain 
stronger results. 

One motivation for the study of the correlations of Anln) or Aij(n) is to provide 
further information on the moments 

N 

(1.6) Mfe(7V,/i,^) = ^(V;(n + /i)-^A(n))'= 

n=l 

where ip{x) = J2n<x A(")- We always take N oo, and let 

(1.7) /i- A log TV, 

where we will usually be considering the case A ^ 1. When h is larger we need to 
subtract the expected value h in the moments above, which leads to more delicate 
questions which we will not consider in this paper (see H^). Gallagher 1^ proved 
that the moments in ( |l.6| ) may be computed from the Hardy-Littlewood prime r- 
tuple conjecture Q. This conjecture states that for j = (ji, j2, • ■ • , jr) with the 
ji's distinct integers, 

N 

(1.8) {N} = ^ A(n + ji)A(n + ja) • • • A(n + >) ^ 6{j)N 

n=l 

when 6{j) ^ 0, where 

(L9, S(„^n(l-l)"(l-^ 

and t'p(j) is the number of distinct residue classes modulo p that the jVs occupy. 
If r = 1 we see = 1, and for \ji\ < N equation ( pT^ ) reduces to (|1.5D, which 

is the only case where (|1.8|) has been proved. To compute the moments in (|l.6D we 
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have 

N 



Mu{NM) = ^ A(n + m) 



n—l \ l<'rn<h 
N 



A(n + mi)K{n + 7712) • • ■ A(n + mk). 



l<mi<h n=l 

l<i<fc 

Now suppose that the k numbers mi , m2 , ■ ■ • , mk take on r distinct values ji , j2 , . . . , jr 
with ji having multiphcity a^, so that X]i<i<r ^* ~ ^- Grouping the terms above, 
we have that 

(1.10) 

r=l ai,a2,...,ar ^ ^ l<il <i2 <• • <> </! 

ai>l,^ ai — k 

where 

TV 

(1.11) ^fe(iV, j, a) = ^ A(n + ji)"^^ A(n + j^)"^ • • • A(n + 

n=l 

and the multinomial coefficient counts the number of different innermost sums that 
occur. If n + ji is a prime then A(n + j;)"' = A(n + ji)(log(n + , and we 

easily see that 



(1.12) 



N 



MN, j, a) - (1 + o(l))(log iV)^-'^ J2 + + • ■ ■ A(n + j,) + 0(7V5+^) 



n=l 

= {1 + o{l)){\ogN)''-'-^jiN) + 0{Ni+'). 



Hence we may apply the conjecture ( |1.8| ) assuming it is valid uniformly for max^ < 
h and obtain 

r=l ai,a2,...,ar ^ ' l<jl<j2<---<jr<h 

Gallagher 1^ proved that, as /i — > 00, 

(1.13) - 

distinct 

and since this sum includes r! permutations of the specified vector j when the 
components are ordered, we have 

Mk{N,h,ih) ^ N(\ogNf^ -(-^Y V f ^ V 

r—1 ai,a2,... ,ar- ^ ' 
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Letting ^ denote the Stirling numbers of the second type, then it may be 
easily verified (see [|l2|) that 

(1.14) V f ^ 

^ \ ai,a2, ■ ■ ■ ,ar J [ r 

ai ,a2 , . . . ,ar ^ ^ ^ 

ai>l,Y^ o,i—k 

We conclude that for h ^ X log N, 



k 

(1.15) Mu{N,h,,p)^ N{\ogNfY. 

r=l 



which are the moments of a Poisson distribution with mean A. The first 4 moments 
are, for A <C 1, 

Mi{N,h,^) - AiVlogiV, 
M2{N,h,iP) - (A + A2)iVlog^ AT, 
M3(iV,/i,V) (A + 3A2 + A^)7Vlog^7V, 
M4{N,h,ijj) - (A + 7A2 + 6A3 + A*)iVlog^iV. 

The asymptotic formula for the first moment is known to be true as a simple 
consequence of the prime number theorem. The other moment formulas have never 
been proved. It is known that the asymptotic formula for the second moment 
follows from the assumption of the Riemann Hypothesis and the pair correlation 
conjecture for zeros of the Riemann zeta- function [To[ |. 
Turning to our approximation Aii{n), we define 

(1.16) ^fl(x) = ^Afl(n) 



and first wish to examine the moments M{N, h,ipii) defined as in (1.6). The same 
computation used for ^ to obtain (1.10) clearly applies and therefore we obtain 

(1.17) 

M,iN,h,^n)^j2 E ( n n n ) E MN,j,a), 

^ — ' ^ — ' V ai,a2,... ,ar / ^ — ' 

r=l ai.a2..... ,ar ^ ' l<ji<j2< - <jr<h 



where Sk{N, j , a) is the correlation given in (1.3). Since Afl(n) is not supported 
on the primes and prime powers as A(rt) is, we can not use (1.12) to reduce the 
problem to correlations without powers, and as we will see these powers sometimes 
effect the correlations for Aii{n). Our main result on these correlations is contained 
in the following theorem. 

Theorem 1.1. Given I < k < 3, let j — (ji,j2,... ,jr) and a = (oi, 02, . . . a^), 
where the ji 's are distinct integers, and flj > 1 with '^i ~ ^- Assume 

maxi \ji I <C R"^ and R 3> N'^ . Then we have 



(1.18) Sk{N,j,a) = {Ckia)eij) + o{l))N{logR)''-^ + OiR''), 
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where Ck (ct) has the values 

Ci(l) - 1, 
C2(2) = 1, 



C2(l,l) = l, 



C3(3) = -, C3(2,l) = l, C3(l,l,l) = l. 

Here we have used the notational convention of dropping extra parentheses, so 
for example C2((l, 1)) = C2(l, 1). The method of proof used in this paper is not 
Hmited to fc < 3, but it does become extremely complicated eve n for k — 4. Using 
the new method mentioned before we will prove Theorem 1.1 holds for all k in 
the third paper in this series. The computation of the constants Cfe(a) as k gets 
larger becomes increasingly difficult. We also believe the error term 0{R'^) can be 
improved. This has been done in the case k = 2 (unpublished) where the error 
term 0{R^) may be replaced by 0{B?^^) for a small constant 5. In the special case 
of S2{N, (0), (2)) Grah am has removed the error term 0{R^) entirely. 

In proving Theorem |l . 1| we will assume ji = 0. This may be done without loss 
of generality since we may shift the sum over n in Sk to m — n + ji and then 
return to the original summation range with an error 0{N'^) since <ti R'^ and 
^nin) <C n'^ ■ Further ©(j) = &{j — j'l) where j\ is a vector with ji in every 
component, and so the singular series are unaffected by this shift. 
We now apply Theorem 



1.1 



in (1.17), and obtain immediately using (1.13) that 



(1.19) 
where 



Mk{N,h,i>i^) = {I + o{l))Pk{\R)N {log Rf + 0{h''R'') 



k ^ 

(1.20) ^fc(A,i?)=5]-y 



h 



E 



^r\\logRj ^ V ai, 02, . . . , ar 

r=\ \ o / ai,a2,... ,ar ^ 



Cfc(a) 



Using the values of the constants C{a) in Theorem 1.1 we obtain the following result 
on moments of V'fi- 

Corollary 1.2. For h ^ AlogA^, A <C i?^, and R = N^'' , where 6k is fixed and 
Q < 9k < \ for 1 < k < ?>, we have 

Mi{N,h,il)B) AiVlogA^, 
M2(iV,/i,Vi?) {e2\ + \^)N\og^ N, 

M3{N,h,i;R) - {hs^X + Se^X^ + X^)N\og^ N. 



We next consider the mixed moments 



N 



(1.21) MkiN, h,i^R) = Y.^ipR^n + h)~ iPR{n)f-\'iP{n + h)~ ^(n)) 



ri=l 



for k > 2, while if = 1 we take 

(1.22) Mi{N,h,'tl;R) = Afi(7V,/i,V) AA^logiV 
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for 1 < R < N hy the prime number theorem. Now assume k >2. On multiplying 
out and grouping as before for the terms involving An we have 

(1.23) 

r=2 ai,a2,--- ,Or-i ^ ^ ^ ' i<ji,j2,--- ,jr-i<h 

a«>l>E «i='=-l distinct 

where 

N 

Vr-i{N,j,a)= J2AR{n + nr'AR{n + hr---^R{n + Jr-ir'-'A{n + m) 

l<m<h n=l 

Since, provided n + j > R and n + j ^ for some m > 2 and p < R, we have 
Aii(n + irA(n+j) = (logi?rA(n + j), 

we see 

K_i(iV,j,a) 



r-l N 

= ^(logi?r^( n A«(n + i«r)A(n+j,) 



=1 Ti=l l<s<r-l 



+ l]A«(n + ji)"iA«(n + j2)"^---A«(n + >_ir'-iA(n + >)+0(i?iV^) 



l<i<r-l 
r-l 



= ^(logi?r5fe_a.(iV,ji,ai)+ ^ 5fe(iV,j,a) + 0(aV^) 



i<ii<'i 

l<i<r-l 



where 
(1.24) 

ji = {jij2, ■ ■ ■ . . . ,jr-i,ji), di = {ai,a2, . . . ,ai-i,ai+i, . . . ,ar-i, 1). 

We conclude for A; > 2 

(1.25) 

k 

Mk{N,h,i;R)=J2 E r^f«/~\ )wr{N,j,a) + 0{RN^), 
i-^ ^ (r - 1)! V ai, 02, . . . , a^-i / 



r=2 ai,a2,--- jQ^r-i 

f^-i^iiE o-i— fc— 1 

where 
(1.26) 

r-l 

W,(iV,j,a) = ^(logi?)"- ^ Sk-aAN,3i,ai)+ ^ 4(iV,j,a). 

distinct distinct 

We have reduced the calculation of the mixed moments to mixed correlations. 
Our method for evaluating the mixed correlations will prove as a by-product that 
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the mixed correlations are asymptotically equal to the corresponding pure correla- 
tions in a certain range of R. Our results depend on the uniform distribution of 
primes in arithmetic progressions. We let 

(1.27) r^{x;q,a)= ^ A(n), 



i=a{q) 



and 

(1.28) Ea 
On taking 



1, if(a,6) = l, 
0, if(a,6)>l. 



X 

the estimate we need is, for some fixed < i9 < 1, 

(1.30) V max |£;(a;;g,a)| < 

— " loff r, 

l<q<x^-' {a,q) = l 

for any e > 0, any A = A{() > 0, and x sufficiently large. This is a we akened 
form of the Bombieri- Vinogradov theorem if = i, and therefore ( 1.3C ) holds 
unconditionally if i9 < 5. Elliott and Halbcrstam conjectured (1.30) is true with 
= 1. The range of R where our results on mixed correlations hold depends on d 
in (1.30). We first prove the following general result. 

Theorem 1.3. Given k > 2, let j = (ji, J21 ■ • ■ ijr) o,nd a = (ai, 02, . . . a,.), where 
the ji 's are distinct integers, ai > 1, a^ — 1, and ai = k . Assume max^ \ ji \ <C 

Rti and that iV^ < i? < iV"""(lA^'i)-^ Then we have, with A from ( p3o| ), 

(1.31) Su{N,j,a)^Sk{N,j,a) + 0{R^) + 0{ 3/.+2-^._,_ J - 

(logiV) 2 ' +^ ^ 

The proof of Theorem |1.3| involves proving that both Sk {N, j,a) and Sk {N, j , a) 
are asymptotic to the same main term and therefore they are asymptotic to each 
other in the range where both asymptotic formulas hold. Using Theorems 
and |1.3| we can now immediately evaluate the mixed moments. There is, however, 
an inefficiency in the use of Theorem which imposes the condition that R 
iV™"(fc^.i)-^ The restriction R < Nk~<' in this condition arises from applying 
Theorem 1.1, but by directly evaluating the main term that arises in the proof of 
we can remove this condition and prove the following result. 



Theorem 



1.3 



Theorem 1.4. Given 2 < k < 3, let j = (ji, j2j ■ ■ ■ i jr) a'^'^ — {o-ii O'l^ ■ ■ ■ o,r), 
where r > 2, a^ — 1, and where the ji 's are distinct integers, and > 1 with 
X]I=i '^i ~ ^- Assume maxi \ji\ <C R'^. Then we have, for N"^ ^ i? ^ N ''-^ 
where ( |1.30| ) holds with ??, 

(1.32) Sk{N,j,a) = {e{j)+o{l))N{logRf-\ 

For larger k the constants C{a) will appear in this theorem as in Theorem |li[ 
but for fc < 3 all these constants for the mixed correlations are equal to 1. 
Next, using (1.25) we are able to evaluate the first three mixed moments. 
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Corollary 1.5. For h ^ WogN, X R" , and R = N^>' , where 9k is fixed, < 
9i < 1, and < 6k < for 2 < k < 3, we have, 

Nh{N,hM ^ \N\ogN, 

M3{N,h,t(;R) - {63'^X + 303X^ + X^)N\og^ N. 

The starting point of Bombieri and Davenport's work on small gaps between 
primes is essentially equivalent to the inequality 

2N 2 

(1.33) {{i^in + h)^i^{n))~{tl;R{n + h)-tPR{n))^ > 0. 

n=Ar+l 

Letting 

(1.34) Ml{N,h,i,) ^ Mki2N,h,ij) ~ Mk{N,h,^l;), 

with the corr esponding definition for M'f.{N, h, iPr) and Ml,{N, h, iPr), we see that 
Corollary [r| holds with Mk{N, h, iIjr) replaced by M^(7V, h, i/jr) and Coro llary U 
holds with Mk{N, h, iI)r) replaced with M'f,{N, h, iPr). On expanding ( 1.33 ) we have 

M^(iV, h, V) > 2M^{N, h, ijR) ~ M^iN, h, .Pr) 



which implies on taking 6'2 = 1/2 — e in Corollaries 1.2 and |l.5| that 

(1.35) M^{N,h,ij) > {^X + X^ - ejNlog^ N. 

Let pj denote the j-th prime. If it is the case that Pj+i ~ Pj > h = X log N for all 
Y < — 2-^5 then each of the intervals (n, n + h] for N < n < 2N contains at 
most one prime. Hence, since the prime powers may be removed with a negligible 
error, we have that M^{N,h,'ip) ~ {logN)M[{N,h,'ip) ~ AA^log^iV so that ( |l.35D 
implies 

A > 1a + A2 -e 
which is false if A > ^. We conclude that 

(1.36) hminf " P» ) < 1. 

n^oo \^ l0gp„ / 2 

More generally, we define for r any positive integer 

Pn-\-r Pn 
logPn 

and see that if pn+r — Pn > h = X log N for N < pn < 2N then 

M'^{N,h,^) < {r + e){\ogN)M[{N,h,iP) < {r + e)XNlog^N 
which then implies that 



(1.37) S,. =liminf 



n— >oo 



rX > iA + A^ 



and hence 
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Bombieri and Davenport were also able to improve (1.36) by incorporating an earlier 
method of Erdos into their argument. This method depends on the sieve upper 
bound for primes differing by an even number k given by 

(1.39) A(n)A(n + k)<{B + e)6{k)N 

n<N 

where &{k) — wi th j — {0,k), and S is a constant. In ||l[ Bombieri and 

Dave nport proved that ( 1.39 ) holds with B = 4, and using this value they improved 
( |l.36| ) and obtained 

2 -I- /3 

(1.40) 5i < = 0.46650 . . . . 



While ( 1.351 ) has never been improved, the refinements based on the Erdos method 
together with the choice of certain weights in a more general form of (1.35) has led 
to further improvements. Huxley ||2^ proved that, letting 9r be the smallest 
positive solution of 

7r 

(1.41) 6r + sin 9r — —, sin 9r < (tt + 9r ) cos 9r , 

or 

then 

(1-42) Er<^^\Br+iBr-l)-^ 

iBr I sm 6 

With the value B — 4 this gives 

Si < 0.44254 ... , S2 < 1.41051... , S3 < 2.39912 ... , S4< 3.39326. 



We note that the expression on the right-hand side of (1.42) is equal to 

1 + i 1 
2 r 

and thus for large r this bound approaches r — ^ with B — A. 

The best result known for B which holds uniformly for a ll k is B — 3.91 71 . . . 
due to Chen [Q. However, in the application to obtain ( 1.42|) one only needs ( 1.39 ) 
to hold uniformly for a restricted range of k; the condition < |fc| < log N is more 
than sufficient. In this case there have been a string of improvements. For ease 
of comparison with the value B — A used above, the value B = 3.5 obtained by 
Bombieri, Friedlander, and Iwaniec Q gives the values 

Si < 0.43493 ... , S2 < 1.39833... , S3 < 2.38519 ... , S4 < 3.37842 ... . 

All of these results above actually hold for a positive percentage of gaps. Maier 
introduced a new method to prove that 

(1.43) liminf ( Ejl+l^lA < = 0.56145 .... 

ri— 00 \^ logpn / 

This method, which applies to special sets of sparse intervals, may be combined 
with the earlier methods to include this factor of times the earlier results. The 
argument was carried out with S = 4 in p2[ , which then gives in particular 

Si < 0.24846 ... , S2 < 0.79194... , S3 < 1.34700 ... , S4 < 1.90518 ... . 
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Our approach for examining gaps between primes is to consider the mixed third 
moment 
(1.44) 

2N 

M;,{N,h,ijR,C)= {Hn + h) - ^(n)) {^PR{n + h)-^|JR{n)-C log N)\ 

n=N+l 

Here C may be chosen as a function of h and R to optimize the argument. The 
idea behind the use of M^(N, h, ^r, C) is that it wiU approximate and thus provide 
some of the same information as the third moment M^{N, h,ip). If p„+,. — Pn > 
h = A log TV for all N < pn < 2N then, removing prime powers as before, we have 

2N 

(1.45) M;,{N,h,^R,C)<{r + e)logN ^ (./^^(n + /i) - V'fl(n) - ClogTV)'. 

n=N+l 



Corollaries O and L5 allow us to evaluate both sides of ( 1.45 ), and on choosing 
C appropriately we are able to prove the following result. 



Theorem 1.6. For r > 1, we have 



(1.46) 



1 



Sr < 7- - -y/r. 



Further, assuming that for h <C log N and R < N i 
(1.47) M4N,h,i^R) <^ N\og^ N, 

then we have that, for h = Alog and A > r — ■^y/r, 

N 



(1.48) 



E 



1 >A 



N+l<p„<2N 

Pn + r—Pn <h 



logiV 



Thus we have 



Si < 



S, < 1.29289. 



S3 < 2.13397. 



S4 < 3. 



We see that our result improves on the results of Huxley when r > 2, although 
Maier's results are still better. Our theorem corresponds to (1.38) in that it 
does not use the Erdos method. It is possible to incorporate the Erdos method 
into our method too, but this requires we first obtain an asymptotic formula for 
M4{N, h,ipR). One should also be able to incorporate Maier's method as well, 
which would then give better results than are currently known for r > 2. 

The result in (1.48) shows that the small gaps produced in the theorem form a 
positive proportion of all the gaps assuming that (1.47) holds. We will prove (1.47) 
in a later paper in this series and thus show that (1.48) holds unconditionally. 

We will actually prove 



(1.49) 



S„ < r 



where -d is the number in ( 1.30 ). Therefore, assuming the Elliott-Halberstam Con- 
jecture in the form that one may take i9 = 1 in (1.30), we have 



Sr < r - 
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which in particular gives 
Si < 0.29289... , 



S2 < 1, S3 < 1.77525. 



S4 < 2.58578. 



These results are in contrast to the method of Bombicri and Davenport where the 
EUiott-Halberstam conjecture does not improve their res ults d irectly. (The EUiott- 
Halberstam conjecture does allow one to take B — 2 in ( 1.39 ), and therefore leads 
to small improvements in Huxley's results, which for r > 2 are weaker than the 
result in Theorem |l.6| .) We can not extend these last results obtained assuming an 
EUiott-Halberstam conjecture to a positive proportion of gaps because we can not 



prove (1.47) for 9 > j. Our proof gives that the number of gaps we produce in this 



case is ^ A^log^^ N for some positive constant B > 1. 

Our method can also be used to examine larger than average gaps between 
primes. In this case much more is known than for small gaps; the latest result 
being that Q 

log log N log log log log N 



(1.50) 



max 



Pn+1 - Pn 



> (2e^-o(l))- 



logpn ' " "'^'^ (log log log iV) 2 

If one were to ask however for a positive proportion of gaps larger than the average, 
then it is a remarkable fact that nothing non-trivial is known. Q What can be 
proved is that a positive proportion of the interval [N, 2N] is contained between 
consecutive primes whose difference is a little larger than average. To formalize 
this, we let O,. be the supremum over all A for which 



(1.51) 



E 



{p^ 



-Pn) >A N 



N<p„<2N 



for all sufficiently large N. Then using the Erdos method one finds that 



(1.52) 



where B is the number in (1.39) 



To apply (1.44) to this problem, we assume that Pj+r — Pj < h = AlogA^ for 
all N < Pj < 2N in which case the interval {n, n + h] always contains at least r 
primes, and therefore ( 1.45 ) holds with the inequality reversed. On optimizing C 
we obtain the following result. 

X that ( [1.47] ) holds 
Or > r + 



Theorem 1.7. Ai 



(1.53) 



For r > 1 we have that 
1 ^ 
2' 



/r. 



As mentioned above, we will prove (1.47) in a later paper in this series, which 
will show that Theorem 1.7 holds unconditionally. 



The proof of Theorems 1.6 and 1.7 only require the asymptotic formula for the 



third mixed moment in Corollary 1.5 and the second moment for tl^n in Corollary 



1.2. Thus the results in sections 6-10 which are concerned with triple correlations 
of tpR may be skipped by the reader who is only interested in our applications to 
primes. 

Notation. In this paper A'^ will always be a large integer, p denotes a prime 
number, and sums will start at 1 if a lower limit is unspecified. When a sum is 



^Thc first-named author of tfiis paper learned of this from Carl Pomerance after a talk in 
which the author had claimed to have such a result. 
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(1.54) [Pix)] 



denoted with a dash as this always indicates we will sum over all variables 
expressed by inequalities in the conditions of summation and these variables will 
all be pairwise relatively prime with each other. We will always take the value of 
a void sum to be zero and the value of a void product to be 1. The letter e will 
denote a small positive number which may change in each equation. We will also 
use the Iverson notation that putting brackets around a true-false statement 
will replace the statement by 1 if it is true, and if it is false: 

1, if P{x) is true, 
0, if P{x) is false. 

As usual, (a, b) denotes the greatest common divisor of a and b and [oi, 02, • • • , a„] 
denotes the least common multiple of ai, 02, . . . , a„. 

2. Lemmas 

For j a non-negative integer, we define the arithmetic function 4'j{n) on the 
primes by 

(2.1) Hp)^P~3^ 

4ij{\) ~ 1, and extend the definition to squarefree integers by multiplicativity. 
Thus for n squarefree (j^oin) = n, and (j)i{n) — (f>{n). We will not need to extend 
the definition beyond the squarefree integers here. Letting 

j, if j is a prime, 
1, otherwise, 

we next define 

'^''"'^ n i^-^)- n 0-^)^ E 0. 

p\n p\n a\n 

P¥=3~i, Pt^J Pt^J-I, Pt^J (d,pO-l)p(j)) = l 

We see that for n squarefree HQ{n) = a{n)/n, Hi{n) = n/(j){n), and in general for 
J> 1 

P~j + l\ _ "i)pO))) 



(2.2) p{j) = 



(2.4) H,in)= n (^^^^)=^X P^^ (M^(-)^O). 

Next, we define the singular series for j > 1 and n 7^ by 

(2 5) 6.(„) ^ f C'jGi(n)iJj(n), ifp(j)|n, 

^ ' ' 1^ 0, otherwise. 

where 

(2.6) G,(n) = n 



p\n 

p=j-l or p=j 



p-1 



and 

(2.7) c, = n 



p 

Pt^J-I, Pt^J 



3 



{p-l){p-j + l) 
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The case of j = 3 is special because it is the only case where p{j — 1) and p{j) 
are both greater than one. We see that for j = 1 and n ^ 



(2.8) 



p\n 



P 



p-1 



(j){n) 



and for j = 2 we have the familiar singular series for the Goldbach and prime twins 
conjectures 



(2.9) 

where 
(2.10) 



2C2n 



&2in) = \ p\n 
p>2 

0, 



p-1 

p-2 



if n is even, n 0; 



if n is odd; 



p>2 



Lemma 2.1. For R > 1, j > 0, p{j)\k, and < log |fc| ^ logi?, we have 
(2-11) E 



d<R 
{d,k) = l 



w/iere 

(2.12) rj(i?,fc) <j e-'^i^''^ 

and ci is on absolute positive constant. Also, 



(2.13) 



E 

d<R. 
{d,k) = l 



Special cases of Lemma |2.1| have been proved before. When j = this was 
used by Selberg [p5| , and also Graham [l^ , but we have made the error term 
stronger with regard to k by an argument suggested in It is easy to make the 
j dependence explicit in the error term, but in this paper we will assume j is fixed 
(actually we only use j < 2.) We will sometimes use Lemma 2.1 in the weaker form 



E 

d<R. 
(,dM) = l 



^('^).log5 = 6,,,(fc) + 0,( ' 



lid) 



(log2i?)- 



:) 



for A any positive number, and assuming the same conditions as in Lemma 2.1 



Further, in handling error terms, we will need to remove the restriction < log |fc| ^ 
logi? in Lemma 2.1, in which case we have the error estimate 



(2.14) 



rjiR,k) <j mik)e-''^'/^^, 



which holds uniformly for k > 1 and R > I, where m{k) is defined below in equation 
( 2.1S| ). This estimate also holds in (2.12). 

The next lemma is a generalization of a result of Hildebrand ||l3 . 
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Lemma 2.2. For R > 1, j > 1 and p{j)\k, we have 
(2.15) 



E 



^^\d)_{ ^{\ogR + D,+h,{k)) + 0{^) tfp{j~l)\k, 



d<R 
(d,fe) = l 



where 
(2.16) 



(2- j)logp 



(2.17) 

and 
(2.18) 



logp 



logp (2-j)logp 



P\k p\k 



E 

p\k 



ip-j+ 1) 



+ Mj~i),k) > 1] 



log(j - 1) 
J-2 ' 



= E 



d\k ^ p\k 



nf-;;p)- 



The case = 1 of this lemma is Hilfssatz 2 of [|T5j . The proof of this generahza- 
tion only requires minor modifications in Hildebrand's proof which we sketch. In 
applying this lemma we will sometimes use the simple estimates (see [ p] ) 



(2.19) 



/ij(fc) log log 3fc, TO(fc) <C exp 



cyiog fc 
log log 3fc 



We will frequently use the estimate, for p{j)\k and log |fc| <C logi?, 

p^{d) 



(2.20) 



E 

d<R 
(d.k) = l 



< log2i? 



which follows immediately from Lemma 2.2 or may be seen directly. We also need 
the following result that is obtained by partial summation in Lemma 2.2. For j > 1 
and p{j)\k, we have 

(2.21) 

d<R 
{d,k) = l 



^){l^^^^R+iD,+h,{k))\ogR + E,{k))+0{^) ifp(j-l)|fc, 
1 E,{k) + 0{^), ifp(j~l)/fc, 



-/R 

where Ej{k) is given by 

(2.22) E,{k) = J2 

^ d<u 
{d,k) = l 



1 



f^Hd) 

Md) &,{k) 



du 

(logM + L>j +hj{k)) ] —. 
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Lemma 2.3. For R> I, j > I, p{j)\k, and < log |fe| <C logi?, we have 

d<R 
(d,k) = l 

(2.23) = ^i{p{J + l))fi{{k,p{j + l)))6,+i(/cp(j + l))(6,+2(/cp(j + 1)) 
P(j + 1) 

where rj{R, k) is the error term in Lemma [17 



+"^+^( n(^ + l) 'feP(^ + ^»J' 



Lemma 2.4. For -R > 1, j > 1 and p{j)\k, we have 

E . log + + /,«(Mi + 1)) 



, (d,k) = l 

(2.24) 

+ 
and 

(2.25) j^f,+iidk) = e,+i{rk). 

d\r 
{d,k) = l 



&j+i{kp{j + l))m{kpij + 1 )) 
j?(fc,pO-+i)) 



Our final lemma relates the sin gular series given in ( |l.9| ) for r equal to two and 
three to the singular series in ( |2.5| ). 

Lemma 2.5. For fc = (0, k), with k ^ 0, we have 

(2.26) 6(fc) = e2(fc), 

and for k — (0, fci, ^2), fci 7^ fc2 7^ 0, k = (fci, fc2), and A = ^1^2(^2 ~ ^i); 'i^e /lat^e 

(2.27) 6(fe) = e2(«)63(A). 

3. Proof of the Lemmas 
Proof of Lemma \2.f\ . We assume p{j)\k. Let s ~ a + it, a > 0, and define 

F{.s) = y =TTfi ^— 



oc 

E 


0, 


n=l 
(n,/c) = 


1 


1 




C(s + 


1) 


1 




C(s + 


1) 


1 





pj(k 



p's+iy J-M {p-j)py\ 



1 - 



1 ^-^ 



(3.1) = ^^^^5fc(s)/^fe(s). 
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We see the product for hk{s) converges absolutely for Re(s) > —1, and therefore 
F{s) is an analytic function in this half-plane except possibly for poles at the zeros 
of C(s + 1). 

We now apply the formula, for m > 2 and 5 > 0, 

(m - 1)! f''+'°° ^ = / 0, if < x < 1, 



which, in the case m = 2, gives 

d<R ' 



b- 



too 



(d,k) = l 

By Theorem 3.8 and (3.11.8) of there exists a small positive constant c such 
that C,{a + «i) ^ in the region a > 1 — iog(|t|+2) ^' ^^'^ further 

(3.3) — i-- « log(|t| + 2) 

C(cr + it) 

in this region. (There are stronger results but this suffices for our needs.) We now 
move the contour to the left to the path £ given by s = ~l5^(]ff+2) + When 
p{j + 1) /^j hk{s) has a simple zero at s = and hence F{s)/s^ is analytic at s = 
and no contribution occurs, but when p(j + l)\k (including p{j + 1) = 1), F{s)/s^ 
has a simple pole at s = which gives a contribution from the residue of 

n (^) n (i--) (p-i)(p-j) 

p\k p\k 
P=3 or p=i+l p^j; p^j + 1 



n U- 



p 



{p- l){p-j) 



^ <^.>.<« n (-i^rrirTj) n (^ 

, '-' , p\k 

= Q+iG,+i(fc)i?,+i(fc). 
Hence we have 

(3-4) E + 

d<R ^-l^ ' 
{d,k) = l 



It remains to estimate the integral in (3.4). On C we have —j < cr < 0, and 
therefore 



i/^fcWi«n(i+o.(4^))«.i 
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For gfc(s), we see that (?i(s) = 1 since the product defining gi{s) is void, and for 
k>l 



logk(.)| < -^fog(l--i^) 

p\k ^ 

p\k ^ 



p<21og2fc 

and hence 

(3.5) l5fc(s)| < e^"^, forfc>l. 

Thus the integral in (|3.4D is 



/oo 
i?-i=.(m+2) fog(|i| +2)- 
-oo 



■dt 



(log(|t'j+2))) 

This last integral is, for any > 2, 

, „ , , logi , -aiasR logw 

< / R loE(|t|+2) / _^(lf^^g log„ _|_ 



and hence, on choosing log w — i^/clogi? we have, since log \k\ ^ logi?, that the 
error term is 



Vclogi?e-5Vciog«A g-ciVi^ 



which proves the first part of Lemma 1 . 

The bound in equation (2.14) follows from the previous argument when we re- 
place the estimate for gk{s) used above by the bound, for < cr < 0, 



(^)l«nfi + ;i7)«-(fc)' 



\9k\ 

p\k 



which follows from 

log\9k{s)\ < -5]log(l-^) 



= E(mi + -^) + o(-^ 

p\k 

p\k ^ p p 



p\k 

To prove ( ^.13 ), we apply Perron's formula (see Chapter 3) in the usual 
way to obtain, with b — l/log_R, 

E 7rn\^^ F{s)—ds + o,i^—). 

d<R ' Jb-tT S T 

{d,k) = l 
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Moving the contour to the left to £ for —T < t < T we have no residue, and we 
may estimate the integral along C and the upper and lower horizontal paths by 

l0g^^ 



, log n 
-logT _|_ 



T 



Now log |fc| < logi?, and taking T = 6^'°^-'^ shows the above error is < g-ciViogfl 
for a sufficiently small constant ci. This completes the proof of Lemma 2.1. 



Proof of Lemma 2.&. We follow Hildebrand's proof of the case j = 1, indicating 
only the main steps. We assume p{j)\k, and j > 1. Letting 



(3.6) fkin)^\ ' lU'^^'sJ-i, 



otherwise, 



and defining gk{n) by 



so that 



d\n 



(3.7) 9k{pn ^ fkipn - fkip""-') = 



then we have 

f^^jd) ^ /fc(") 
^ (j)i(d) ^ n 

d<R ' n<R 

{d,k) = l 

'^-^ n ^-^ 

n<R. d\n 

^ 9k{d) l_ 

d<R m<R/d 



— 1, m l,p|fc, 
^ m = 2,p/ffc. 



0, m = 2 and or m > 2, 



rf<_R rf<fi (i<i? 

(3.8) = 5i+ 752 + 0(4^3)- 

Using ([3.7]) and the multiplicativity of gk{n) we easily verify that 



5^ = / 



^ i 0, ifp(j-i) /fc- 

As in [|l5j we find 

53 <j VRm{k) 
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which by partial summation imphes 



9k{d) ^ m,{k) 



These results now imply 

^2 = M,(fc) + 0(4^) 

and 



j_i V -ft 



d=l 

Finally, letting 

9k{n) 



n—l 

we have 

gk{d) logd 



j=i 



which on using ( 2.1(: ) and the Euler prod uct for Gk{s) gives Gk'{0) = Mj{k){Dj 
hj{k) — 7) where /ij(fc) is given by (2.17). 

Proof of Lemma 2.o. We have, assuming p{j)\k, 



d<R 
(d,k) = l 



d<R 
{d,k) = l 
p(j+l)\dk 

C,+iG,+i(fc)i/,+i(fc) ^ ^G,+,{d)Hj+i{d)\og^ 

d<R 
(d,fc) = l 
p(j+i) \j 

^i{m) ^^^/ R{k,p{j + 1) )^ 

H^r^u, <^J+iM ^ mp{j + l) 
— p(j + l) 
(m,fcpO + l)) = l 

KpU + + l)))6j+i(fcp(j + 1)) 

{6,^,{kp{j + 1)) + r,+i ( "^^^'(fll/^^ fcpO- + 1))) - 



by Lemma 2.1 
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Proof of Lemma 2.4- The same argument used above to prove Lemma 2.3 shows 
that the sum in (2.24) is equal to 



6,+i(Mj + 1)) E 



m< - 



. R(fc.p(j + 1)) 
P(3 + 1) 

{m,kp{j+l)) = l 



0j+i(m)' 



Since p{j)\k, equa tion ( 2.24 ) now follows from Lemma 2_^. 

To prove ( 2.25 ), we proceed as before in the proof of Lemma 2^ to obtain 

(3.9) 



d\r 
(d,k) = l 



d\r 
{d,k) = l 
pU+l)\dk 



Suppose first that p{j + l)|fc. Then since p{j)\k also we have that Gj+i{d) = 1 in 
the sum on the right, and hence our expression becomes 

= C,+iG,+i(fc)i/,+i(fc) E 

d\r 



d\r 
(d,k) = l 



c,+iG,+i(fc)g,-+i(fc)n(i+ ^_]_^ 



p\r 
pj(k 



= Cj+iGj+i{k)H,+,{rk) = 6,+iirk) 

since here Gj+i{k) = Gj+i{p{j)p{j + 1)) = Gj+i{rk). 

Now assume the alternative case that p{j + 1) /fc. Then the right-hand side of 
(U) is 



= Q+iG,+i(fc)i?,+i(fc) E 



P(i+l)e|»' 
(e,fcpO + l)) = l 



(j)j{e) 



G,+i(ep(j + l))H,+i(e). 



If p{j + 1) /r this sum has no terms and is zero which proves ( 2.25 ) in this case. 
If p{j + 1)1?' our expression becomes 



Q+iG,+i(p(j)p(j + l))ff,+i(fc) E 



(e,fcp(i+l)) = l 



C,+,Gj+M)p{j + l))H,+,{k) n + 



p\r 
pJ(kpU+l) 



©j+i(rfc). 



which completes the proof of Lemma 2.4 
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Proof of Lemma 2.L. For the case k — (0, k) we have by ([L9|) that 



S(fe) =4 1 



p>2 



Now Vp{k) 1 if p\k and Vp{k) — 2 ii p j( k, and hence 



6(fc) 



IJ>2 



= 2[2ifc]n 



p>2 



= 2[2|fc]n 



p>2 



p-2 



p>2 

2 

1 - - 



p>2 



p>2 
1 



2 

1 - - 



{p-iy 



&2{k). 



Next, in general, 



1 

1 - - 

2 



1 

1 - - 
3 



1 - 



3 ^piU^-l 



With r = 3, fc = (0, /ci, fc2), k = (fci, fc2), and A = ^1^2(^2 — fci) we have 

1, if 2|k , 



y2{k) = 



2, if2;K, 



and for p > 3 



1, ifp|K, 
up{k) = { 2, ifp|A,p /k, 
3, ifp/A. 



We now see that 6(fc) if 2 /k or 3 / A, which by (2.5) proves the lemma in 
these cases. Thus wc now assume that 2|k and 3|A, and have 

2 



e(fc) = 



n 



^z{k)^^\\p-i 



p 



n 



^3(fe)^J-/3Vp-l 



P- Vp{k) 
p-l 



p-3 



P\k 
p>3 



p-l 

p-3 



n 

p|A 
p/k 
p>3 



p-2 
p-3 



n 1 



p>3 



1 



ip-iy 



1 - 



(p-l)(p-2) 



p|k 
p>3 



p-2 



p|A 
p>3 



p-2 
p-3 



= 6C2C3-ff2(K)-ff3(A) 

= 62(k)63(A), 
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which proves Lemma 2.5 



4. Proof of Theorem 1 



We now prove that the mixed correlations can be reduced to the pure correlations 
through an application of the Bombieri- Vinogradov theorem. For k > 2 we consider 
the general sum, for B. < P < N, 

N 

(4.1) 5p(iV,i) = ^A^(n + ji )A_R(n + j2) ■ ■ ■ AB{n + jk-i)Ap(n) 

n=l 

where the jVs are not necessarily distinct, but satisfy 

(4.2) jiT^O, l<i<k-l. 

Note that for 1 < n < A^, Ajv(n) — A{n). We prove Theorem |l.3| by proving the 
following theorem which shows that both Sii{N,j) and SN{N,j) in certain ranges 
are asymptotic to the same main term. Let 

di,d2.,... ,dk-i<R i=l ' 

(di j"i) = l, l<i</c-l 
(d,.,d^)\j^,-jr, l<r<s<fe-l 

where 

(4.4) Dk-i = [di,d2,... ,dk^i]. 

Theorem 4.1. We have, for k > 2, N" < R < Ni , and max, \ < Ri , 
(4.5) 



and, for < R < Nt^-\ 

(4.6) SNiN,j) = NWR{j) + Ok{ ^ 



(logAf)2 ^ +^ ^ 

We have 

fc-l „ AT 

(4.7) Sp{N,j)= J2 (n^(^^)l°gd-)( E 

di,d2,... .dk-i<R i— 1 n— 1 

di\n+ji, l<i<k-l 

Let 

JV 

(4.8) Tp{N,j)= ^^W- 

n=l 

di\n+ji, l<i<fe-l 

The — 1 congruence relations n = — ji(mod(ii) will have no solutions unless 
{dr,ds)\js — jr for all 1 < r < s < fc — 1. If these divisibility conditions hold, 
then by the Chinese remainder theorem there exists a unique solution to these 
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congruences n = a(mod [di, c?2, • • ■ , rffe-i]) for some a = a{d,j). Here a satisfies the 
original congruences a = ^ji{moddi) for 1 < « < fc — 1. Thus we have 

Tp{NJ) = [{dr,ds)\js-Jr, l<r<s<k-l](^ J2 ^P('') 

l<n<N 
n=a(uiQd -Dfc — l) 

(4.9) = [{dr, d,)\js- Jr, l<r<s<k~l]ijp{N;Dk-i,a). 

We next have that 

V'p(^;i^fc-i,a)= ^A'(t^)log^ 1. 

d<P l<n<N 

n=a{mod -D;^_i) 
n^O(mod d) 

The two congruences in this sum are solvable provided {d, Dk-i)\a, in which case 
we have that n runs through a residue class modulo [Dk-i,d]. Hence 

^p{N;Dk-i,a)^N ^ ^^^^ log ^ + 0{P). 

{d,Dk-i)\a 

We now write d = gd' , where g = {d,Dk-i)- Hence [d,Dh^i] = Dk^id' , and by 



Lemma 2.1 



g\a d'<£- ^ 

Sl-Dfc-I, g\a 

g<P 

+0{-^ E /^^(5)e--V^^^) + 0{P). 

Sl-Dfc-I, a\a. 

g<P 

Since a = ~ji{moAdi) for 1 < i < k—1 and 5 1 a we see that {g,di)\ji for 1 <i < fc— 1, 
and conversely since g\Dk^i these divisibility conditions imply that g\a. Hence 

N ^ 

(9,<ii)b>,l<i<fc-l 

(4.10) E M'(5)e-^^^^^°^^)+0(P). 

g<P 

ig.d^)\j^,l<i<k~l 

The truncated Mobius function sum complicates the calculations of our pure cor- 
relations when one or more of the ji = 0, but when all the ji ^ the truncation 
problem disappears. Thus, we see in this sum that g < Jli=i^ — jjij*^"^, 
and hence provided 

(4.11) max |7i|<P^ 

i<i<fe-i 



24 



D. A. GOLDSTON AND C. Y. YILDIRIM 



we have 



g\Dk-i 

g<P 

ig,di)\ji,l<i<k-l 



{g,di)\jiA<i<k-l 



1, if = l<i<fc-l, 

0, otherwise. 



We conclude that subject to ( |4.1l|) 



(4.12) 



2Pp{N;Dk-i,a) ^ = 1, 1 < i < - 1] 



+ 0(^^d(i:)fc_i)e-^iVi°g(^/'»'^'^b.l'=-M) + 0{P). 



N 



4>{Dk-i) 



Hence by (^), (|4J), and ( |4.12D , we obtain 



(4.13) 



E 



D 



fe-i 



We now estimate the sum in the second error term sufficiently well for our needs. 

Letting 



e|n 
e<R 



then 



YDRinr ^ E rf(ei)rf(e2)...d(e„0 



n<N 



n<N ei ,62 ,. . . ,e„T, <i?, 
|n, l<'i<m 

d{ei)d{e2) ■ ■ ■ d{e„i) Y 1 

ei,e2,... ,e„i<i? n<iV 



^ E 



[61,62, . 



oi{Ydie)y 



61,62,... ,6,„<fl L ^) ; 

The last error term is 0(i?™ log™ i?), and Dnin) < Eeln^(") = '^^l")- Hence, 



using the estimate [19l 



(4.14) 
we have 

Thus 



m<N 



n<Af 



Y 

di,d2,--- ,dm<R 



d{Dr, 



< 



Y 



d{ei)d{e2) ■ ■ ■d{e,n) 



61 ,62 ,ejn<B. 



61,62 



, 4'"-l i?"Mog™i? 
«,„log^ ^+ ^ • 
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Hence we conclude 
(4.15) 

SpiNJ) =NWR{j) + 0(Pi?'=-i) 



k-1 



+k-2 ^ j^k-1.2k-2 



+ Oki^[N\og' N + R''-'log'^-' Nje 

Taking P — R proves the first part of Theorem 4.1. Equation ( 1.15| ) may also be 
useful when P is not too large but larger than R. 

We next turn to the case P = N. In this case ipp{N\q,a) — ilj{N;q,a) + 
O(logiV), the error term coming from Ajv(l). We apply ( 1.29| ) and have 

N 

i^iN; Dk^i.a) = [{Dk-i,a) = 1]— + E{N; Dk-^a). 

The condition that (Z?/j_i,a) = 1 is equivalent to having {di,a) = 1 for 1 < i < 
fc — 1, and since a = — ji(moddi) these conditions are equivalent to {di,ji) = 1 for 
1 < i < fc — 1 . We conclude that 

N 

(4.16) ij{N;Dk-ua) = [(d„j,) = l,l<i<k- 1]— + E{N; Dk-i,a). 



By ( |4.9| ) we thus obtain in place of (4.13) 
(4.17) 

5jv(iV,j)= W«(j)+o(log'-^7V ^i^{Dk-l)\E{N■Du-l,a)\ 



d\,d2,... ,dk-i<R 



o(iogiviog'=-ii?n<i+ji)), 



the last error term coming from the n = 1 term. This last error will be negligible 
since it is ^ (logiV(maxi |ji|)^)''' <S^k since max^ ^ Rk. For the sum in the 
error term, we have 

fi^{Dk^i)\E{N;Dk-i,a)\ 

di,d2,... ,dk-i<FI. 

= y fj. (to) max \E{N;m,a)\ >^ 1 

di .d^T- ■ ,d/2_i<-/? 



< y?{m) max \E{N;m,a)\di{m)^ 



afmod m) 

where I = 2^~^ — 1. The factor of di{ra) arises since, given rn, the number of 
solutions of TO = Dr is bounded by c?2'--i(to), since the least common multiple of r 
squarefree numbers can always be expressed uniquely as the product of up to 2'' — 1 
numbers which are pairwise relatively prime, determined by exactly which of the 
original numbers di , c?2 , • • • , rfr each factor divides. (We will use this decomposition 
in later sections.) Applying Cauchy's inequality we see the previous expression is 
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We now use the generalization of ( [4.14 ) 
(4.18) 



m<N 



and the trivial estimate \E{N;m, a)\ ^ ^'^^ to see the error term above is 



<; (logRY^NlogN V max \E{N;m,a)\. 

\ — ^ a(modm) 
V m<fl'=-i ^ ' 



We now apply (1.30) to conclude this error is, for R'^ ^ < , 

N 



(logiV) 

which finishes the proof of Theorem 



_4fc-3/2_(_2fc-l_l ■ 



4.1 



5. Pair Correlation of Afl,(n) 
We first prove the case fc = 1 of Theorem |l . l| . We have 



Si{N,j,{l)) 



R 



Ym^og^ y: 1 



d<R 



l<n<N 
d\n+j 



R 



d<R 



d '-^1 + OiR) 



(5.1 



N + 0{- 



N 



) + 0{R) 



(l0gi?)-4 

by Lemma 2A_ . This proves Theorem in th is ca se 



We now examine the case k = 2 oi Theorem 1.1. These results have been proved 
before in The proof we give here models the procedure we will use for higher 
correlations without any of the truncatio n co mplications which will arise there. In 
view of the comment following Theorem |l . l| , we need to consider 

N 

(5.2) 52(fc) = ^Afl(n)Afl(n + fc), 

n=l 

In our earher notation, we have S^ik) = S^iN, (0, k), (1, 1)) if fc ^ 0, and ^2(0) — 
S2{N, (0),(2)). 

Theorem 5.1. We have 

(5.3) 52(0) = iVlogi? + 0(iV) +0(i?2), 
and for < |fc| < i? and any A> Q, we have 



(5.4) 



S2{k) = &2{k)N + 0{ 



N 



(j){k) (log2R/ky 



) + 0(i?'). 



Graham h as proved (5.3) for 1 < i? < with the error term 0{R^) removed. 
By Theorem 5.1 we see that Theorem 1.1 is true for k = 2, with C(2) = 1 and 
C(l,l) = l. 

Proof of Theorem |5. J| . Applying the definition of Afl,(n), we have 
52(fc)= ^ A^(d)log(i?/d)/.(e)log(i?/e) ^ 1. 



l,e<R 



n<N 
l\n,e\n+k 
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In the inner sum the two divisibihty conditions imply that n wiU run through a 
residue class modulo [rf, e] provided (d, e)|/c, and there will be no solution for n 
otherwise. Therefore we have 

S.{k) = N J2 Mrf)log(We)logWe) ^^^ ^ log(i?/d) log(i?/e) 
= NT2{k)+0{R^). 

To evaluate T2(fc) we break the sum into relatively prime summands in order to 
handle [d,e\. We let d = ai6i2 and e — 02612 where 612 = (<i, e) so that ai, a2, 
and bi2 are pairwise relatively prime. For higher correlations this decomposition 
notation will be used as well. Hence we have 

T2(fc) = y' 4^^^ log log ^ 



bi2 ai a2 aibi2 02612 

ai&i2<-R 
a2bi2<R 
bi2\k 

E' A^^(6i2) m(Q2) , ^ ■ST^ M(ai) , i?/6i2 
012 a2 02012 oi ai 

a2bi2<R ai<_R,/fci2 

fel2|fe (01,02612) = ! 

where the prime on the summation indicates that all the summands are relatively 
prime to each other. We now apply Lemma 2.1 with j = to obtain for any B > 

.26t^<« '^(^-^ 1.2^^,^ 61202 log-(2i?/6i2) )■ 

bi2\k bi2|fc 



For the main term above we sum over 02 and apply Lemma 2A_ again with j = 1 
to see this term is equal to 



612!*: bi2\k 



Summing over 02 in the error term in the formula for 12 (fc) above, we conclude 



6l2|fc bi2|fc 



We now consider two cases. If fc = the main term is 

ftl2<-R ' 



by Lemma |2.4| with j — 1, and the error term in (5.6) is also 0(1). This proves 
(5.3). If < |fc| < i? the main term is 

E#T62(M = 62(fc) 
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by the second part of Lemma |2.4|, and the error term is 



1 



m'(&12) 



(log2i?/fc)S-2 ^ 0(fc)(log2i?/fc) 

012 |K 



B-2 ' 



which proves ( p.4| ). 

It is worth noting that we can also give a very short proof of (5.4) using Theorem 
4.1 from the last section. With j = (0, k), we have 



di<R 
{di,k) = l 



(5.7) 



= e2(fc) + o(e- 



by Lemma 2.1. By Theorem 4.1 this proves (5.4) and also evaluates the mixed 
second correlation as well. 

6. Triple correlation for Afl(n) 



To prove Theorem 1.1 when fc = 3 we need to evaluate the sums 

N 

53(fc) = ^A^2(n)A^,(n + fc), 



71=1 



(6.1) 

and, for non-zero ki =/= k2, 
(6.2) 53(fci,/c2) - ^A7?(n)Afl(n + fci)Ai^(n + fc2 



N 



In the notation of Theorem |L1| we have 53(0) = S^iN, (0), (3)), S^ik) ^ S^iN, (0, fc), (2, 1)) 
if fc 7^ 0, and 53(fci,fc2) = iS3(iV, (0, fci, fc2), (1, 1, 1)) for non-zero fci ^ k2- We will 
obtain the following results on these correlations. 

Theorem 6.1. We have 



53(0) = -N\og^R + 0{N\ogN{\og\ogRf^) + 0{R^), 



(6.3) 

and, for fc ^ 0, |fc| < 

(6.4) 53(fc) = 62(fc)iVlogi?-l-C)(A^(loglogi?)") + 0(i?3)^ 

and letting k = (0, fci, fc2)7 fci 7^ fc2 7^ 0, if (fc*)^ < -R/2, where fc* = max(|fci|, |fc2|), 
then 



(6.5) 53(fci,fc2) = 6(fc)A^ + OUVe 



-ci ,/ lo. 



log'' i? + 0(i?^ 



We consider the general situation and specialize later. Let 

N 

(6.6) 53(fci,fc2,fc3) = ^ Afl(n + fci)Afl(n + fc2)Aij(n + fc3) 



r! = l 
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Expanding, we have 

S3{ki,k2,h)= J2 M(di)log(i?M)A*(d2)log(i?/d2)Ai(rf3)log(i?/d3) J2 1- 

di,d2,d3<R n<N 

d2 \n+k2 

The sum over n is zero unless (c?i, ^2)1^2 ~ ^i, {di, ^3)1^:3 — fci, and (^2, ^3)1^3 — fc2, 
in which case the sum runs through a residue class modulo [di, ^2, ^3], and we have 

^ \d\,d2,dz\ 



n<N 
di |n+fci 
d2\n+k2 



We conclude 
(6.7) 

53(fci,fe,/fc3) = N y f^id,)log{R/d,Md,) log{R/dM) log{R/d,) ^ 

^ [^1,^2,^3] 

cZi,d2,(i3<-R 
(di,d2)|fe2 — fei 
(di,(i3)|fe3-fei 

(d2,<i3)|fc3-fc2 

We now decompose di, and d-^ into relatively prime factors 

d\ = ai&i2&i3ai23 

d2 = a2&12&23Q.123 
(^3 = 03^13^230123 

where or 6,^ is a divisor of the d^'s where i occurs in x- Since the d^'s are 
squarefree, these new variables are pairwise relatively prime. The letters a and h 
reflect the parity of the number of d^'s that the new variable divides. We will let 
T) denote the set of a^'s and h^s which satisfy the conditions 

016126130123 < R 

(6.8) 026126230123 < R 

036136230123 < R 

(6.9) 61201231^2 - A;i, 6130123 1 ^3 - fci, 62301231^3-^2- 
Letting 



we have 
(6.10) 



r3(fci,fc2,A:3)-E ...... y^..,. L,{R)L2{R)L,{R) 

^ 0102036126136230123 

= 2^ fR{di,d2,d3). 

V 



L,(i?) = log^, 

O,; 



^(ai)^(02)M(a3)M^(^12)/^^(&13)M^(&23)M(0l23) 



We now will sum over oi, 02, and 03 using Lemma 2.1 and Lemma p.3|. In order 



to apply these lemmas we need each Oi to range over a long enough interval, and 



30 



D. A. GOLDSTON AND C. Y. YILDIRIM 



therefore we need to restrict the ranges of some of the other variables. The excluded 
ranges will later be shown to make a lower order contribution. If D is a product of 
some of the variables in 2?, we let denote the subset of V where the variables 

not occuring in D are eliminated from the inequalities in ( |6.8| ) and divisibility 
conditions in (6.9). Thus, letting Di — a2Q3&i2fci3^23fli23 , we have that 'D{Di) no 
longer includes the variable ai and wc take ai — 1 in (3.8). We now obtain on 
summing over ai using Lemma |2.l| and taking i?i < i?, 



T3(/Ci,fc2,fc3) 



2^ fR{di,d2,d3) + /j?(di,cf2,d3) 



+ 



bi2bi3ai23<fli 

E' 

V{Di) 
bl2bl3ai23<fll 



V 



V 

Rl<bi2bi3a.i23<R 



^(Q2)M(a3)M(Ql23)A^^(^l) 

fR{di,d2,d-i) 



L2iR)L3{R) + Ei{R) 



(6.11) 

where 

Ei{R) = 



Rl<bi2bi3ai23<R 



V 

fcl2fcl3ai23<-Rl 



fJ-{a2)n{a3)n{ai23)fJ-'^{D 



i^L2(i?)L3(i?)ro( 



R 



6l2&13ai23 



-ciVlog(i?/fll)log8 ^ 



T3ih,k2,h) = [/3(fci, fc2, ks) + 0(e--iVi°g(«/«i)log8 i?) + £^(I?). 



Hence 
(6.12) 

Denote the summand for U3{ki, k2, ka) by gR{di, d2, d^) , whi ch does not depend on 
ai. Because of the symmetry in our original variables in ( |6.10| ), we could equally well 
have summed over 02 or 03 above and obtained the same expression for gnidi, ^2,^3) 
with the appropriate change in variables and renumbering of the k[s. We will later 
make use of this fact for some of our error terms, and will let the summation con- 
ditions 'D{D) determine which variables appear in and subsequent summands. 
Returning to (6.11), we obtain on summing over 02 using Lemma 2.1 that, with 
D2 = a3&i2&i3&23ai23 and R2 < R, 



£^3(^1,^2,^:3) 



^ gR{di,d2,d3) + ^ gR{di,d2,d3) 



ftl26l3ai23<-Rl 
f)12tl230l23<-R2 



X)(r>i) 

bi2bi3a.i23<Rl 

R.2<bl2b23a.l23<R. 



E' 

■D[D2) 
bi2bi3ai23<Rl 

bl2b23ai23<R2 



A*(«3)A*(«123)A*^(£'2) 
0P2) 



L3{R)e2{D2) 



E 

X)(L>i) 
bi2bi3ai23<Rl 

R2<bl2b23a.l23<R 



gR{di,d2,d3) 



(6.13) 



Vsiki, k2, ks) + 0(e-^^Vi°g(«/«^) log6 R) + £g{V{D^)). 
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Finally, we denote the summand in V3(fci, fc2, /ca) by h]i{di, d2, d^) and let D3 
&i2&i3&23ai23 and -R3 < R. Then by Lemma ^.3| with j = 1 we obtain 



V3(fci,fc2,A:3) 



(6.14) 



hji{di,d2,d3) 



hR{di,d2,d3) 



■D{D2) 

612^130123^^1 
612623^^123^^2 
61362301235^^3 

- E' 

&12^>13ai23<^l 
f'l2^'23Q.123^^2 
^>13^230.123:^^3 



V{D2) 

6l26l3ai23<-Rl 

6126230123^1^2 

fl3<6l3623ai23<Ji 



M'(g3)/^(ai23)A^((iJ3,2)) 

0P3) 



62(2.03)63(27^3) 



hR{di,d2,d3) 



■D(D2) 

6l26l3ai23<^?l 
612623^^123 <^?2 
fl3< 613 6230123 <JJ 



W^3(fci, fc2, h) + 0(e--Vi°g(«/«3) log4 Ji) + £,,(I?(i?2)). 



We now prove Theorem 6.1 by considering each case separately. We first prove 



5|) which is the case where the error terms are the easiest to handle. 



7. Evaluation OF 5*3 (fci, ^2) 



We consider S3{ki, k2) by taking ki ^ k2 ^ Q and ^3 = in ( |6.9| ) which therefore 
becomes 

(7.1) &i2ai23|fc2 - fci, fei3ai23|fci, 6230123!^- 
These conditions imply, letting k* = max(|fci|, |fc2|), that 

(7.2) 6126130123 < 2(r)2, 6126230123 < 2(r)2, 6136230123 < 2(r)2. 

Hence, taking Ri ~ R2 = R3 = 2(/c*)^ < R, we see that the error terms £f, £g, 
and £h in (6.11), ( |6.13 ), and (3.14) are identically zero, and therefore 



(7.3) 



T3(fci,fc2) = W3(fcl,fc2) + 0(e 



fog'i?). 



Now that the variables ai, 02, and 03 have been eliminated, the bounds on the 
variables in V are automatically satisfied from ([7.2|), and, provided (fc*)^ < R/2, 
we have 



(7.4) 1^3(^1, fe) 



6130123 |fei 

623ai23|fe2 
6l20l23|fc2-fcl 



^'(^3)^(0123)^(^3, 2)) 
HD3) 



62(2i53)63(2I?3). 



This sum is over square-free divisors, and therefore we let 

(7.5) fci = sii4:i, A:2 = 52^2, 

where Ki and K2 are the largest square-free divisors of ki and /c2, and let 

(7.6) K=(fci,fc2), K,2 = iK,,K2). 
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Then we may rewrite W3 as 



(7.7) W3(A:i,/c2) = - 2^ ..p, X &2[2D'i)&'i(2D'i). 



bi3ai23\Ki 
bl2ai23|fc2-fcl 



The proof of ( p.SD will follow from ( JG.TD , (7.3) and Lemma once we prove that 

(7.8) W^{ki,k2) = &2iKi2)&3{A) = 62M63(A) = 6(fc). 
We now let 

(7.9) Ki = Ki2jl, K2 = ii'l2i2, fc2 - fci = Ki2{s2j2 - Sljl) 

where -R'12, Ji, and j2 are square- free and pairwise relatively prime (S2J2 — siji may 
not be square- free or relatively prime with if 12.) Next, let 

(7.10) 613 = Ci3(ii3, 623 = C23cf23 

where C13, C23|ifi2, c?i3|ji, ^23^2, and C13, di3, C23, ^23, ^12, 0123 are thus aU pairwise 
relatively prime. We also see that ai23\Ki2. Thus, with D3 = &i2Ci3C23(ii3d23ai23, 

(7.11) 

M^3(fci,fc2) = - E' E' ^^-^^^^§^e2i2D,)e,{2D,). 

Cl3C23ai23l-R'l2 bl2|fc2-fcl 
d23 |j2 

We first sum over di3 in the inner sum. To do this, we take D4 = fei2Ci3C23d23ii23 
and have 

M'(^3)MP3,2)) ^ 
^ ^) 62(2^^3)63(2^^3) 

dislil 

(di3,I54) = l 

= 2^2^^^ E ^^^^/^((rfl3^4,2))i/2(2dl3A)63(2dl3A). 

(di3,Di) = l 

We now break the sum on the right into two sums according to whether di3 is even 
or odd, in the former case we let dis = 2d, and on using Lemma 2.4 we obtain that 
the right-hand side is 

2C2iJ^\Di)H2{Di) j ^, ^ /^'('^)« r9^n ^ 

2d|ji 
(d,2Z54) = l 



+K{D,,2)) E S-7^®3(2di3i^4) 

02((il3) 

(di3,2_D4) = l 

2C2/x2(D4)iJ2(2?4) 



(/.(i^4) 

We will denote 

(7.12) Bid) ^ ^^41^ 



[(Z?4,2) = l][2|ji] -1-^(^4,2)) 63(2i?4ji). 
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Now substituting into ( 7.11 ), and letting — 6120130230123, the sum over ^23 is 
equal to 



B{D^) E ^ [(^23^5,2) = l][2|ii] +M((rf23J5,2)))63(2d23g5jl 

0((i23) ^ J 

(d23:-D5) = l 



Since (ji,i2) = 1, and d23\j2, we may replace the condition (^23, £'5) = 1 in the 
sum by (d23,ii£'5) and divide the sum into two sums with even or odd terms as 
above to see that this expression is 



-B{D,)[{D,,2) = l][2|j2] E ^®3(2di?5j 



2d\j2 
(d,2jiI55) = l 



+i?(D5)(-[(D5,2) = l][2|ji]+/i((A.,2))) ^ £|g63(2d23C5jl] 

1^23 I j2 
(d23,2jir'5) = l 

= B(i?5)(- [(^5,2) = l]([2|ji] + [2|j2]) +A*(p5,2)))63(2i?5jlj2). 

Now let 

(7.13) A = kik2{k2 - ki) = SiS2i^l2^jlj2(fc2 - ki) = SiS2-ftri2^jlj2(s2j2 - Siji). 



We substitute the last result into (7.11) and sum over &12. Let Dq — 0130230123. 
We claim that the relatively prime condition {bi2,De) = 1 may be replaced by 
{bi2, DQjij2) — 1. To see this, note that ji, j2, and ^12 are pairwise relatively 
prime, and further (si,j2) = 1 and (s2, ji) = 1- Thus 

{k2 - ki,ji) = {Ki2(s2j2 - Sljl),jl) = {S2,jl) = 1 

and similarly (fc2 — ^1,^2) — 1- Hence, since bi2\k2 — ki, we have (&12, jii2) = 1- 
Now summing over 612 our sum is 

= B{De) ( -[(W6,2) = l]([2|ji] + [2|j2])+Ai((foi2i?6,2))j 

6l2|fc2-fcl V / 



6l2|fc2- 

{bi2,Dejij2) = i 



^ M^(&12)g2(&12) ^ n . . . 

X — ^ 63(20i2£)6jlj2) 



0(612) 

= ^(^6) E ^J-mk2~k,][{De,2)^l])6s{2bDenj2) 

26|fe2-fei 
ib,2De3i32) = l 

+^(^6) E S-7r4(~ [(^6,2) = l]([2|ji] + [2|J2]) +M((^6,2)))63(2&i2i?6jli2) 

t'l2l«2-«l 
(bl2,2_D6jlj2) = l 

= B{De)[- [iDe,2) = l]([2|ji] + [2|j2] + [2|fc2 - fci]) + ^^((I^e, 2))) 63(21)6^1^2(^2 - ^i)). 
Now Dq\Ki2\A, and hence 

63(2-D6jij2(fc2 - fci)) = e3{2DeA) = 63(A). 
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We conclude that 
(7.14) 

T^3(fci, fc2) = -63(A) m(«i23)S(^6) ( - [{De, 2) = 1] ([2|ji] + [2\h] + [2\k2 - h]) + fi{(De, 2))) . 

D6\Ki2 

If K12 is odd, then exactly one of the variables ji, j^, and k2 — ki is even and 
the other two are odd. If K12 is even, then ji and j2 are odd and fc2 — ki is even. 
Hence in either case 

[2|ji] + [2|j2] + [2|fc2 - fci] = 1, 

and therefore 

(7.15) 1^3(^:1, fc2) = -63(A) /i(ai23)B(I?6)(-[(i?6,2) = l]+/i((i?6,2))). 

D6\Kl2 

When K12 is odd the expression in parentheses is zero, and hence 

M^3(fcl,fc2) =0, ifi^i2iS0dd. 



If if 12 is even, then the expression in parentheses in (7.15) is zero if Dq is odd, and 
is equal to —1 when Dq is even. Hence, we conclude 

(7.16) I^3(fcl,fc2) = [2|ifl2]63(A) ^' //(ai23)S(i?6). 

D6\Ki2 

2\De 

We could now evaluate this sum as before by summing over each variable in turn, 
but there is an easier approach, based on the observation that if a square-free num- 
ber is a product of some factors, then necessarily those factors must be relatively 
prime with each other. Let z = vwy, and ^ be a set of natural numbers. Then for 
any arithmetic function a{z) we have 

z£A zeA w\z 



(7.17) = XI '^^(^)"(^) XI 1 

zeA w\z 

W — Z 



zeA 



The sum in (7.16) is of this form, and therefore we have 
PF3(fci,fc2) = [2|A'i2]63(A) Y 

z\Kl2 

2\z 

= 2C2[2|ifi2]63(A) Y 

2z'\K^2 ' 
{z'^2) = l 

= 2C2[2|Xi2]63(A)i72(ifl2), 

where we used ( ^.3[ ) in the last line. We conclude by ( |2.5[ ) that 
(7.18) W3(fci,A:2) = 62(A'i2)63(A) = 62(/t)63(A), 

which completes the proof of (V^) ■ 
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8. Evaluation of Ssik), k ^0 



We now take fci = fc ^ 0, fc2 = ^3 = so that the divisibihty conditions in ( |6.9| 
become 

6l2ai23|fc, &13ai23|fc, 

and since our variables are relatively prime 

(8.1) 6l2^'l3ai23|fc- 



Taking Ri = k < R we see that in ( 6.12 ) is identically zero. We wil l tak e 
R2 = i?3 > fc^ t o be chosen later as a function of R, and conclude from ( 6.12 ), 
( |6J^ ), and dell ) that 



(8.2) T3(fc) = Wsik) + £g{V{D,)) + Eh{V{D2)) + 0(e--Vi°g(«/«^) j^gS 
Now, summing over 03 using Lemma Ej], we have 



Eg{V{Di)) = J2' 9R{di,d2,d3 



2^ 5fl(di,d2,d3) 



X)(Di) 

bl2&13ai23<-Rl 

-R2<bl2f'23ai23<JS 

613623 1123 <fl3 



X)(Di) 

fcl2fcl3ai23<^Sl 
-R2<bl2&23ai23<^? 
i?,3<f>13''23ai23<^? 



15(02-03) 

fel2')13ai23<fil 
-R2<6l2b23ai23<JJ 
hl3fc23<1123<fl3 



(8.3) 



+ 



9R{di,d2,d:i). 



fcl2fcl3ai23<fil 
i?2 < ^12 ^23^^123 fl^- 
i?3<6l3f>23ai23<JJ 



The first sum above is the same as £h{'D{D2)) with the appropriate relabeling of 
variables, and the estimate we now obtain applies to both expressions. We see in 



this sum that 02 < 



612^23^123 ^2 



< -S^, and hence the sum is 



E 



« iog(i?/i^2) E E ^(^3) 

hl2bl3ai23|fc ^ <b23< , " l2<l|V 

''12fl23 ''12"123 , "2 

(a2,-D3) = l 



A^^(a2) 
(/)(a2) 



©2(02^3) 



< l0g2(i?/i?2)logl0gi? E 



E 



0120-123 — D12C^123 



^^(^3) 
0(^3) 



« l0g3(i?/i?2)logl0gi? E 



6|fe 



0(6) 



< I0g='(i?/i?2)l0gl0gi?( 



by Lemma |2.4| , and hence, since ^ loglogSfc, 



k 
4>{k) 



(8.4) 



£„(I?(i?2)) « I0g^(i?/i?2)(l0gl0gi?)^ 
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Similarly, for the second sum in ( ^ ) both 02 < and 03 < so that the sum 



IS 



and hence 



<log5(i?/i?2)(loglog3fc)= 



(8.5) <log5 (i?/i?2)(log log + 6-^=1 Vi°gW-R2)log^i?. 

We take 
(8.6) 



i?2 =i?3 =i?e'"^('°eiogi?)' 



where C2 is a sufficiently large constant, and conclude by ( |8.2| ), (8.4), and (8.5) that, 
for |fc| < Ri-\ 



(8.7) 
where 



,.8) Wsik) 



T3(fc) = W^3(fc) + 0((l0gl0gi?)13), 

M'(^3)Mai23)M((£'3,2)) 



&13^23ttl23^^^2 
6126130123!^ 



62(2i^3)63(2i?3), 



and as before D3 — foi2&i3f'23ai23- Since 623 is the only variable not constrained by 
the divisibility condition, we have on letting 



(8.9) 

and E = &i2&i3ai23, that 
/.2(iJ) 



R i?2 . . 1 1 . 

R4 = mm( — , — ), 

ai23 O12 013 



'23, 



E\k 



&23<fl4 
(f,23,B) = l 



"23 



^((623^^, 2))62(2523-B)63(2623-B). 



We break the inner sum into two subsums according to whether 623 is even or odd, 
the former case forcing {E, 2) = 1. We thus obtain, on taking &23 = 26 in the first 
subsum and applying (^.4[) 



w ^^(g)62(2£;) ^ fi^ib) 

2- JrtA 2- x7rT63(26i;) 



m ^ Mb)' 

E\k 

('^>2) = 1 (h,2_E) = l 



E'^^^7^M((^'2))Ma,23) E T7F(e3(2523i^). 



A*'(&23), 



_E|/c 



f)23<fl4 

(623,2B) = 1 



^2(^23) 



The inner sums in both sums above are by Lemma 2.4 and the estimate ( 2.19| ) 



logi?4 + 0(loglog3fc) + 0(- 



-)■ 
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Substituting we now see that the main term from the first sum is canceled by the 
part of the main term in the second sum when (E, 2) = 1, and hence we obtain 



E\k 



^i\E)e2{2E) 



H^{E)&2{2E) 
= 2^ M(ai23) 



(^fi{ai23)[2\E] logi?4 + +0(loglog3A:) + 0( 



V R4 



E\k 
2\E 



-IE' 

E\k 



^i'{E)e2{2E) 



HE) 



\ogE + log log 3 fc 



r3(fc)iogi?2 + o {J2 



b\k 



H^jb) log 6 . 3 



log logSfc 



O 



exp 



c^log k 
log log 3A: 



(X! ^^^^^^^^ 



b\k 



where we used the estimate 62{k) <C loglogSfc in the last two error terms. By 
Lemma 5 of , the sum in the first error term is 

khi{k) 



m 



< (loglogSfc)' 



where hi{k) is given by (2.17). The sum in the second error term is 



< exp c ^ ' I < e" 

\ n<logfc 

and hence we conclude that 

(8.10) W^3(fc) =>'3(fc)logi?2 + 0((loglogi?)^). 
We complete the evaluation of W3(fc) by proving 

(8.11) r3(fc)-62(fc). 

We note first that if 2 / fc then the sum defining Isffc) is empty and therefore 
Ysik) — 0, in agreement with 62{k). Therefore by (7.17) 

fi^E)e2{2E) 



Y,{k)^[2\k]J2' 



E\k 
2\E 



ME') 



= 2C2[2|fc] J2 

2E'\k 
(E',2) = l 

= 2C2[2|fc]iJ2(fc) =62(fc), 



which proves (p. 11). 
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9. Evaluation of S'3(0): Main Term 
We now consider ki — k2 — — 0. On applying equations ( 6.12 ), ( |6.13D , and 



( 3.14) and taking 



S — i?i — i?2 — R3 



we have that 



(9.1) 



T3(0) = WsiO) + 0(e-=Vi°g(«/^^) logS R) + Sf{V) + £g{V{D^)) + f,(P(D2)), 



where we relabel variables for simplicity and have 



(9.2) 



^^3(0) = - 



uvy<.S 
uwyCS 
vwy<.S 



^i{y)fiHD)f,{{D,2)) 



&2{2D)&^{2D), 



and D = uvwy. We will prove in this section that 



(9.3) 



WaiO) = ^log2 5 + 0(log5). 



In the next section we will prove that £f{'D), £g{'D{Di)), and £h{'D{D2)) all satisfy 
the bound 



(9.4) 



<log^(-)logi? 



from which we conclude from (9.1) and (9.3) on taking 



g — /Jg-C2(loglog_R)^ 



that 



(9.5) 



T3(0) = log2 i? + 0(logi?(loglogi?)i8) 



and therefore by (3.7) we obtain ( |6.3D . 

The first step in evaluating 1^3(0) is to sum over u in ( |9.2D b y separating into 
sums according to whether u is even or odd, and apply Lemma We let z — vwy, 
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and have 



^ — ' (P(U) 



s ^ 

vy ' 

{u,z) = l 



«<min(^, — ) 

— > vy ' wy ' 



= 2C2H2i2z) V ^^^i{{uz,2))H2i2u)63i2uz) 

, ^ ^^^^ 

= 2C2H2{2z)l^[iz,2)^l] £|7y®3(2^.'z) 

^ 2ii'<-^ min(t;,it;) 

u<— inin{v,w) ^ 

= 2C2H2{2z) - [(z, 2) = 2] log (^^^ mm(«, w)) + D, 



+ /i3(6z)] +[(z,2) = l]log2 + o(- 



m(6z) 



' J min(?;, w) 

Substituting this result into ( |9.2D we obtain 
(9.6) 

Wm =2C2 J2' ^'^y^ g2(2z)(log min(z;, + i?3 + h,i6z)) 

z<S V ^ / 

2\z 

-2C.log2 ^' ^^!ifM^g,(2z) + 0(^^ H2i2z, 

(^,2) = l 

Except for the factor of logmin(w, w), the sums above are of the form considered 



in (7.17). Hence we have 



^ <j>{z) z ^ <j>{z) z 

Z<S Z<S 

2\z 2\z 

- 2r V loff ^ 

2z'<S 
(2:',2) = 1 

(9.7) = hog'S + OilogS), 
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where we used ( ^.21 ). Similarly we have, by Lemma 2.2 



(9.8) 2C2 Y! ^^^^^^H,{2z) ^\ogS + 0(1). 

z<S 
2\z 



We also see that the condition 2\z in (9^) may be replaced by (z, 2) = 1 and (| 
will still hold. Similarly it is clear that 

(9.9) 2^2 ^^^^^H^{2z)\og{{z,i)) « log 5, 

2\z 

and also that 

^C^Y: ^^^H,^2z)h,^,z) 

0(z) 

z<S 
1\z 

« E ^ii,{2z)h,(S>z) 

z<S ^ ^ 
2|z 

(9.10) «Y'^y:^wz) 

p\z 

^ logp ^ fi^jm) 

— p 
{m,p) — 1 

< log S*. 

We conclude that 

WsiO) =i log^ 5 + 0(log S) + 2C2 Y' ^^-^^^2(2z) log(min(i;, w)) 

z<S 

(9.11) 

+o(5:'^^^j^ME^i/2(2z)). 

z<S 0(z)w J min(w, ly) 



We now evaluate the first sum in (9.11), and show that 

(9.12) 2C2 Y! ^^^^2^^^^ W^) log(min(^, w)) = -\oi S + 0{\ogS). 

By the symmetry in the variables v and w we have that the sum above is 

(9.13) ^AC, Y' ^^(-y^-)^(^) g2(2.^,)log., 

— ^ (p[vwy) 

vwy<.S 
2\vwy 
v<iw 

since the condition = 1 implies that the only term with z; = it; is when 

V — w — 1^ and this term is zero. We will sum over w and apply Lemma 2.2 
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according to the parity of w, which gives 



2\vwy 
{w,vy) — l 



(piw 



02 (w') ^ ^ (t)2{w) 

v<2w<— v<w< — 

(w' ,2vy) = l (w,2vy) = l 



- ([('^2/,2) = l] + [2H)(^-I-^log 

- ' .iogA + o(^). 



Substituting this result into (|9.13) we find that this sum is 



^ ^ 0(y) V®2(2w?;) w^y ^/v 

v<vS 

(a,f)=i 

v<VS 2/<4- 

(a,i')=i 



t)<\/S 



y/v(t){v) 



^(.)log. E ^(^) 



TO(y) 



The inner sum in the error term here is 



« E 



■E' 



y<s ^^y^ ^ 



d<S 



l?{d)H2{d) ^ /i^(m)g2(m) 



m<S/d 
(m,d) = l 



< log 5, 



and by ( ^.19 ) the sum over v in the error term converges; hence t he error term 
is ©(logs'). Thus by Lemma 2.1 and partial summation in Lemma 2.4 the above 
expression is 



log2 V^+0(log^), 



which proves ( |9.12 ). 
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It remains to deal with the error term in (9.11). By symmetry we may assume 
that V < and thus the error term is 



' li^{vwy)Jwy 



VS (l)2{vwy) 

{vwy ,2) — l 



-y 



m(ywy) 



(v,2) = l 



(S/,2) = 1 



My) 



m{y). 



The inner sum over y is 



2(y) ^ Vrf 



(a,2) = l 



« y ^ y 



(d,2)"=l 



(j>2 (m) 



(m,2) = l 



{d,2) = l 



Substituting we see the sum over v now converges, and on summing over w and 
treating m(w) as in the previous estimate we see the error is 0(log5). This com- 
pletes the proof of (9.3). 



10. Evaluation of 53(0): Error Terms 

We now treat the error terms SfCD), 8g{'D{Di)), and £h{'D{D2))- We proceed 
as we did before in ( |8.3| ); in £f{T>) we break the sum into two sums according to 
whether 6i2&23ai23 < ^1 or Ri < fei2f'23ai23 < R, in the former sum we sum over 



a2 using Lemma 2.1 and obtain a sum of the same form as £g{'D{Di)) and an error 
term 



(10.1) ^ e-ci^/logWRl)lQgS Jl 

In the second sum where i?i < 612^230123 we have 02 < and we do not sum over 
02. We continue this process with regard to 03, and hkewise deal with the error 
ter m £q{ 'D{Di)). The result of this process is that we are left with errors bounded 



by ( 10.1 ) and three types of sums of the forms 

(10.2) E #1 E' '-^!^^^^^^)'^^^^ 

a<R/Ri uvy<Ri 
uwy<.Ri 
Ri<vwy<.R/a 
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(j){ah) ^-^ 't'iD) auwy bvwy 

a,b<R/Ri uvy<Ri 

Ri <uwy<R/a 
Ri<vwy<R/b 

and 
(10.4) 



,3= Y: ^ E' ^^^^ log ^ log ^ log 



ahc ^-^ D auvy buwy cvwy 

a,b,c<R/Ri Ri<uvy<R/a 
Ri<uwy<R/b 
Ri<vwy<-R/c 

where D = uvwy. 

We can handle £3 immediately. Estimating trivially, we have 



f3«(logi?/i?l)^ E — 



uvwy 

<uvy<.R 
B-i <uwy<.R 
Ri <vwy<.R 

The top two inequalities in the summation conditions imply 

RiV 2 fR^^ 

— < vwy < — 
u J \ u 



and hence 



u ) vwy \ ^ / 

Thus the bottom inequality in the summation conditions implies 

1 { rV 1 

— p <y< - 
u J R \u J Ri 

and therefore the sum above is 

«E- E -E-E- 

V It y -R ^ y ^ W y Rl uy ^ — uy uy ^ — uy 

< logi?(logi?/i?i)^ 

Thus 

(10.5) £3 < logi?(logi?/i?i)^ 

Consider next £2- The trivial estimate used for £3 would give the bound <C 
log^ i?(logi?/i?i)^, and therefore we need to save a factor of logi?, which will occur 
when we sum over y. We first note that the conditions on the summation variables 



for the sum in (10.3) imply that u,v < w. Next, we extend the summation range 
uvy < Ri to uvy < R, which may be done with an error ^ logi?(logi?/i?i)'' in 



the same way that ( 10.5 ) was obtained. Finally, the terms with Ri < wy also 



contribute this same error, since this condition implies with the other summation 



conditions that u,v < ^ and — < w < — , so that only y has a full summation 

' — Hi uy uy ' ^ 
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range. Hence we have 
(10.6) 

E' #g E' ^^^§;^log^log^ + 0(logi?(log(i?/i?,))^) 

— ' ao — ' (P[Jy] auwv bvwy 

a,b<R/Ri ' u,v<w > ^ ^ 

wy<Ri 
Ri<uwy<-R/ a 
Ri<vwy<R/b 

We now sum over u, which satisfies 

Ri . . R , 

< u < niin( , w). 

wy awy 

If min(— w) = w then w'^ < — and there will only be terms when — < . We 

^ awy ' ' — ay ^ y 

conclude in this case that 

'— < w < J— . 
y \ ay 

Hence, as in the estimate to obtain ( 10.5| ), these terms contribute at most <C 
logi?(log(i?/i?i))^ since only the variable y runs through a full summation range. 
We conclude, with z = vwy, 

f 2 ^ y^' ^("^) y^' log ^ log R 

. . a,b<R/R^'^'- ' v<w "^^ ^ ^<u<^ ' ^ 

[W.I) wy<Ri -a^v 

Ri<z<R/b {u,abz} = l 

+ 0{logR{log{R/Ri)f). 
To evaluate the inner sum, we use the relation, for 1 < S < R, p{j)\k, 



§<d<R 
{d,k) = l 

This result follows immediately on writing the sum on the left-hand side above as 

{d.k) = l (d,fc) = l 

and applying ( ^.2l[ ) and Lemma 2.2. Thus we have 

■r-^ LL^(u) , R 4>(abz) , o R ^,m(abz) , R , 
^ -"^ — ' auwy Zaoz aRi ^ j ih aRi 

(u.abz) — l 



Substituting this expression into (10.7) we obtain 
(10.10) 



2 ab uRt, ^-^ z bz 

a,b<R/Ri v<w 

wyCRi 
Ri<z<R/b 
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once we show that the contribution 

log'-^ ^/ n\ab)m{ab) 



a,b<R/Ri 



(j){ab) 



V<W 

wy<.Ri 
Ri<z<R/b 



from the error term in (10.9) is covered by the error term in (10.10). This expression 
is of the same form as the error term in (9.11) estimated at the end of the last 
section, except it is over a more restricted summation range. The factors m(ab) 
and m(z) are handled as in that argument, and make no contribution, so we may 



ignore them. Hence the expression above is, by Lemma 2.2 



E 



fR{ ^ (j){vwy) 

wy<.Ri 
Ri <vwy<.R 



Ri_ V 



< log i?i log' 



^<R. '^(^^ ^^y^ Si 

.5 



^ (p{v) 



<v<- 



which is acceptable. Thus we have established ( 10.10| ). 

We now treat the sum in (10.10) and show it is also bounded by the error term, 
from which we conclude that 



(10.11) 



£2 < logi?(logi?/i?i)^ 



To see this, consider the sum over y in equation (10.10) 



E 



My) log ^ 



-;jl <y<min{-^ 



bvwy 



(y^abvw) — ! 

For the terms with min (■^, — we have v < and the sum in (10.10) 



«i°g'# E 



/i2(w) ^ M(w) 



Ri ^ V 



R 



« 1°^' i?7 E 



E 

w<Ri 

E 



E 



w '■ — ' y 



V '■ — ' w 

w<Ri 



R 



«logi?log^— 



/i^(w) log V 



Ri 

<logi?log^— , 
Hi 



E 



v<- 



E 

-<io<i?i 
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which is acceptable. For the remaining terms when min = jUj, we have 

< V, and by Lemma 2.1 with the error term estimate ( ^.14[ ) the sum over y is 



bvwy 



V 

{y,abvw) — l 

(1 - [vw < Ri])6i(abvw) + 0(m(a6'i;w)e-'=i Vi°sOeS^) 



E 

{y,ahvw) — l 



(log 



i?i R 

+ log -r^ 

vwy oRi 



[vw < i?i]0(TO(a6ww;)e"'=V'°s(-^ 



log 



R 

rI 



Hence the sum in ( 10.10 ) is in this case 
< log^ 



VW 



+ log4(i?/i?i) 

«logi?(log(i?/i?l))^ 



1 



} — (&i(vw) + m(vw)) 
^-^ vw 

Ri<vw<R 
5 



where as before the factors of m{vw) and <5{vw) make no contribution to the error 
when they are summed. This finishes the proof of (10.11). 

Finally consider £1. The inner sum in ( |10.2[ ) is, with E — uwy, 



E' 



-&2{aD) log ■ 



uvy<.Ri 
uwy<Ri 
Ri <vwy<R/ a 
{D,a) = l 

where 



0(D) 



avwy 



E<Ri 
(_B,a) = l 



Sr{E) 



E 



,ii^(v)H2(v) , R 
x{aE,v)LAJ^Ll log. 



«1 _R_ « 

{v,aE) = l 



J-<i)<min(-^.^) 

1/ — ^ aiuy ' uy ' 



avwy 



and 



x{aE,v) = [2\v][{aE,2) = 1] + [{v,2) = l][2\aE]. 



We apply (lO.a) and Lemma 2.2 to evaluate Sr(E). When min(-!^, iii) = 

^II —J'' I J -ii- V / v awy ^ uy ' awy 



then in ( |ia8| ) S* = and 



^fl(^^) = 



i? m(2a^)logJ^, 



log -^ + 0{ 



262 (2a£:) " aRi 



while if min(-^, = then 1 < S" = < -§-, whence u < w < -§-m, and 

^ awy ' ^ u — aRi ' — aRi ' 

thus we obtain 



SRiE) 



2&2{2aE) " u 



log-log I I -^1 - I +0( 



,m(2ai?)log 



ai?i / w 



iRi 
wy 
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On substituting, the inner sum in (10.2) becomes 



--\o 2 — 

'2 u^B, '^("^^ 



{tti(;,a) — 1 
2 



E 

{y ,auw) — l 



2 d)(uw) 

uw<Ri ' 



ri (uw) , ui , 

log — log 



( R u 
V aRi ) w 



E 



{uw .a) — l 



{y ,auw) — l 



o 



E' 



( E 



uw<Ri ^ y< — 

(itio.a) — 1 , ~ 1 

^ ' {y.auw) — l 



^P{y)H2{2auwy) m{2auwy) log ^ 



As before, in estimating the contribution of the error term above to (10.2) the factor 
m{2auwy) may be ignored, and therefore this contribution is 

^^{uwy)^/wy 



E 



uwy<Ri 
(uwy ,2) — l 

log' w Y V V ^^^y^^ 



^ ' (i(j,2) — 1 



?!'2(w) 02 (y) 

y< — i 



(«,2) = 1 

R 

<logi?i log^— . 



{w,2) = l 



— c /lo -"i 

Next, for the main terms above the sum over ?/ is ^ m{au'w)e '^^V °^ by Lemma 
2.1 with the error term in ( |2.14| ), and hence both sums contribute to (10. S) 



« iog'# E 



Ri 



u<Ri 

R 

< logElog^— . 



ll'^{u)m{u) /^^(w)TO(w) ^„en/loggi: 



0(u) 



wCRi/u 



We conclude 

(10.12) £i < logi?(logi?/i?i)3. 

By ( pM| ) ([ia5| ),( |l0.1lD , and ( |10.12[ ) we have proved (0) and thus completed the 
proof of (^. 

11. Mixed Triple Correlations 



The case k — 2 oi Theorem |l.4| has already been handled by (1.5) and (5.7). In 
this section we evaluate Wji{k) from Section 4 in the case fc = 3. This will not only 
prove Theorem 1.4 but will also give an alternative and simpler proof of the second 
two parts of Theorem pj] . 
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We let fc = {ki,k2,0) and 

(dl,fei) = l, (d2M) = l 

(di,d2)|fe2-fei 

The results we obtain are contained in the following theorem. Recall Hj{m) is 
defined in ( |2.3| ), hj{m) is defined in ( ^.17 ), and Hj{m)^hj{m) <Cj log log 3m. 



Theorem 11.1. If k = (fc, fc, 0), fc 7^ 0, and log |fc| ^ logi?, we have 

(11.2) V7fl(fe) = 6(fc)logi? + 0(iJ2(fc)/^3(6fc)), 

and if k = (fci,fc2,0) and fci 7^ fc2 7^ 0, letting A = fcifc2(fc2 — fci), and assuming 
A < R/2, we have 

(11.3) lyfl(fe) = 6(fc) + 0(-^ff2(A)e-^Vi°gfl/2A). 

0(fci) 

We decompose into relatively prime variables by letting di = ai&i2 and d2 = 
02612 where (di,d2) = 612 and thus oi, 02, and &12 are pairwise relatively prime. 
Then we have 

(11.4) Wnik)^ Mai)Ma2)M^(6i2) ^^g^^^g^^ 

f-^ 0(0102612) ai6i2 a26i2 

ai6i2<-R 
a2bi2<B. 
(ai6i2,fci) = l, (02612, fc2) = l 
hi2|fc2-fcl 



We first sum over ai and apply Lemma 2.1 to see that 



(11.5) V ^log-^ = 62(a26i2fci) + ri(-^,a26i2fci), 

(ai,a2fci2fel) = l 

and hence we have 

W,ik)= y' Ma2)M^(6i2)62(a26i2fci) ^^g_R ^^^(^^ 

0(02612) 02612 

(,11. Oj (bi2,fel) = l,(a2;)l2,fc2) = l 

tll2|fc2-fel 

v^fl(fc) + i;i(i?), 

where 

/i(a2)/i2(6i2)ri(^,a26i2fci) i? 



i5^(i?) = y' MI"2JM l0l2jrU^,O20i2K:i; ^^^ 

(til2,fcl) = l, (a2til2,fc2) = l 
bi2|fc2-fcl 

^ A^^(^i2) ^-^ci,/ioR(j?./bi2) /f!l^iog_^ 

f)12|fc2— fcl 



(11 7) < y ^ (^12) ^-c2^/lQg(fl/bl2) 

6l2|fe2-fcl 
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We first consider the case when ki = k2 = k. Then from (11.7) we see that 
(11.8) Ei{R)<^l. 



By Lemma 2.3 we have 



VR{k) 



^(a2)Ai^(&12)62(a2&12fc) R 



(t>{a2bi2) 



(02612, fe) = l 

Mbl2) ^ 
(6i2,fc) = l (a2,bi2fe) = l 



0261 



E 



^(02)62(02612^:) , R 
-log- 



4>{a2) 



a2b 



12 



E 



M'(&12)M(&12^,2)) 



bi2<R 
(6i2,fc) = l 



^12) 

,2 



62(2612^)63(2612^) 



(11.9) 



^^(612)^2(612) 

,6i2<fl>(^12)l0g^(2i?/6i2) 

Yn{k)+0{1). 



To evaluate li?(fc) we divide into even terms and odd terms and apply Lemma 2.4 
Thus 



VR{k) 



P,2) = l] 



2b<R 
(6,2fc) = l 



62(26^)63(26^) 



-M(fc,2)) ^ 



6i.,<i? 
(6i2,2fc) = l 



A^^(&12) 

c^{h^2) 



62(26i2fc)63(26i2A:) 



2C2i/2(A;) [(fc,2) = l] ^ 



b<R/2 
(6,2fe) = l 



02(6) 



63(26fc) 



-M(^,2)) J2 



bi2<R 

(&12,2fc) = l 



A^^(&12) 
02(612) 



63(2612^:) 



2C2H2{k) ( ( [(fc, 2) = 1] - M((fc, 2)) ) log i? + 0(/i3(6A:)) + o( Q3(6fc)m(fc) ^ 



i? 

= 2C2[2|/c]i72(fc)logi? + 0(i?2(fc)/i3(6fc)) 
= 62(fc)logi? + 0(il2(fc)/i3(6A:)). 

On combining these results we have proved the first part of Theorem 

We now turn to the case that k2 ^ ki. As in Lemma 2.5 we let k — (fci, k2) and 
A = fcifc2(fc2 — ki). As before let k* = max(|fci|, |fc2|). In this case we see from 
( PTtI ) that 



11.1 



(11.10) 



Ei{R) < i7i(fc2 - fci)e-'=Vi°g(«/2fe*). 
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We now let fci = siKi, k2 = S2K2, where Ki and K2 are the largest squarefree 
divisors of ki and k2 respectively. Let K12 = (Ki,K2)- Then we have 

Vji(k) - V' Ka2)lJ-'^{bi2)&2{a2bi2Ki) R 

0(02^12) 02612 

a2bi2<R 
{bi2,Ki) = l, {a2bi2M2) = l 
bi2\k2-ki 

Next let a2 = C2C?2 where C2|i^i and {d2, Ki) = 1 so that (02, Ki) — C2, from which 
we see 

, Y^' Kc2)Kd2)fJ.'^{bi2)&2{d2bi2Ki) R 

(P{C2d20l2) C2C(20l2 

C2d2bx2<R 
(d26l2,-R'l) = l, {C2d2bl2 ■K2) = l 

bi2\k2-ki,C2\Ki 

On summing over c?2 by dividing the sum according to whether d2 is even or odd, 



we see on applying Lemma 2.1 that 



^(^2)62(^2612^^1) R_ 

12 



Ml"2;C'2l"2"12J^-lj 
. h "^(^2) 02^2612 

(Ci2,fal2iflif2) = l 



^2C2H2{bi2K,) S/(^2(d2)log- 



, . 0('^2) 02^2612 

d2<R/c2bi2 
{d2M2KiK2) = l 

2\d2bi2Ki 



2C2H2{bi2Ki) [ - [(ifii^26l2,2) = 1] 

\ 2d<R/c 



Kd)^^^_ R 



2d<R,C2b,2 '^^^^^ 2"^^^^^ 
(d.2bi2KiK2) = l 



rf2<fe2;,.2 '^^('^2) '^^'^^^^^ 

(ti2,2bi2KlK2) = l 



= 2C2H2{b,2Ki)x{bi2)63{2h2K,K2) + 0{H2{b,2Ki)e-'^V^^^^^^^^^^), 



where 



X(6i2) = -[(ifiif26i2,2) - 1] + [2|6i2i^i]. 

Since C2bi2\Ki{k2 — ki), we see that the condition |A| < R/2 implies C2612 < R/2 
is automatically satisfied. Therefore we have 

(11.11) 

T/ m or Kc2)f^Hbi2)H2{b,2K,)xibi2)e,{2h2K,K2) , 
Vn{k)^2C2 0(c2)0(6i2) + 

bl2|fe2-fcl,C2|Kl ^'^^ 
{bl2.KiK2) = l..{c2M2) = l 

^YR{k)+E2{R), 

where 

^2(i?) « -^i/2(A)e-^Vlogfl./2A. 

0(fcl) 
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Since 



we have 
(11.12) 

Yn{k)=2C2[{K,/K,2,2) = l]^^ ^(^^^^ ■ 

6l2|fe2-Kl 
{bl2,KtK2) = l 

We divide the sum in the equation above according to the parity of 612 and apply 
see that the sum is 

= [(Xii^2,2) = l] 



Lemma 2.4 to see that the sum is 

li^{b)H2{hKi)x{2h)&3{2bKiK2) 



26|fc2-fei ^^^^ 
{b,2KiK2) = l 

^lHh2)H2ih2K,)xih2)63i2h2KiK2) 



Ol2|fc2-fcl 
(bi2.2KiK2) = l 

(K K\UIK\ M^W63(2bJCli^2) 

^{K,,K2)U2{K,) Y ^) 

b\k2-ki 
{b,2KiK2) = l 

7^{Ki,K2)H2{K,)e3i2K,K2{k2 - h)), 



where 



v{Ki,K2) = [(i^ii^2, 2) = l][2|fc2 - ki] - [{K1K2, 2) = 1] + [2|ifi] 

On substituting we have that 

YR{k) = 2C2[(Xi/Xi2,2) = lUKi,K2)H2{Ki2)&3{2KiK2{k2 - k^)). 

Now [(i^i/ifia, 2) = 1] = if i^i is even and K2 is odd, and f]{Ki,K2) = if both 
i^i and K2 are odd or Ki is odd and i^2 is even. Hence Yji{k) is zero unless 7^12 
is even, and therefore 

YRik) = [2\Ki2]2C2H2{Ki2)&3{2KiK2{k2 - fci)) = 62(k)63(A) = 6(fc), 
by Lemma |2.5|. This completes the proof of Theorem 



11.1 



12. Application to primes 

The use of correlations of short divisor sums to study primes goes back at least 
to Selberg's work on the sieve. Our mixed correlation result that, for R < Ni~'^, 

N 

(12.1) S3{N,k) = ^ Afl2(n)A(n + fc) = ©2(fc) A log i? + o(A log A) 



provides the upper bound for prime pairs in (1.39) with B = A, since for n > R 



M^(n)A(n) < ^AUn), 
log R 



52 D. A. GOLDSTON AND C. Y. YILDIRIM 

and the prime powers make a contribution <C A^^/^^'. The Selberg sieve provides 
the same information, and while the optimal majorant obtained with the Selberg 
sieve is different from Aij(n) (and also \R{n) in ( |l.2| )), there is nothing lost asymp- 
totically in the use of A^Xn). 

To study primes in short intervals, we consider the modified moments 

2^ 

(12.2) M^(iV,/i,Vfl,C)= J2 {i^Rin + h)-Mn)-C log N)\ 

n=N+l 

and 
(12.3) 

2Af 

M[(iV,/i,^fl„C) = {i^in + h)-^{n)){ijn{n + h)-Mn)-C log nY 

n=N+l 

where C is a function of h and R that will be chosen to optimize our applications. 
If we take C — these moments reduce to the moments considered in Section 1. 
We will assume in this section that h = AlogA^, A ^ 1, and thus 

(12.4) h<^logN, 

which we will make free use of in our estimates. We now consider, for p > 0, 
(12.5) 

M{h, p) = M'^{N, h, ^fl, C) - plogNM'^{N, h, ^Pr, C) 

2N 

= {i^{n + h)-^/j{n)- plogN){ijn{n + h)~4;R{n)~C log N)\ 

n=N+l 

To evaluate M{h,p) we see first that 

M^(iV, h, i^R,C)^ Af^(iV, h, ^r) - 2C log NM^{N, h, V-a) + log" NM[{N, h, ^r). 



We apply Corollary L5 (which as mentioned in Section 1 applies immediately to 
Ml as weh as Mk), with i? = A^'^ and < 61 < f , 

Af;^(7V, h, i^R, C) - {{e^\ + + A^) - 2C(6'A + A^) + C^>}jNlog^ N 

and by Corollary |L2|, for < 6* < i , 

M^(iV, h, i^R, C) - (6'A + A^ - 2CA + C^^iVlog^ N. 

We therefore see that Ai{h,p) is quadratic in C when X ^ p, and therefore on 
completing the square we find that, for X ^ p, and < 6 < |, 

X{ X-p + e)\^ , A6' 
X~p 

By choosing 

(12.6) C=^i^-^ = A(1 



M ih, p)^(iX-p){C- hi^-^) \^{ix-pr-ep))N V N. 



X-p V A 

we maximize M{h, p) ii X < p and minimize it if A > p. We conclude that with 
this choice of C, and < 9 < ^ 



2 ' 



(12.7) M{h,p) ^ i^((A - p)^ - 0p)iVlog3 N. 
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We see that Ai{h, p) is positive (and 3> A^log'^ N ) when A is a fixed number in the 
range p — \fWp < X < p but is negative when p < A < p + \/0p- 

We now let Pr{N, h) denote the number of integers N < n < 2N for which the 
interval (n, n + h] contains exactly r primes. Thus 



2N 



(12.8) PriN,h)= J2 1- 



n=N+l 
7r(n+/i) — 7r(n)— r 



The Poisson model for primes in short intervals (see |6|) is equivalent to the con- 
jecture that 

(12.9) PriN.h) ^ ^^-^N. 



We let 



2N 



(12.10) Q-(7V,;j)^ ^P„(7V,/i)= J2 1 



and 



m=0 n=N+l 

■7r(n-t-/i)— 7r(n)<r 



2N 



(12.11) Qt{N,h)^ J2 Prn{N,h)^ 1- 

jn—r+l n—N+1 

7r(n+/i) — 7T(n)>r 

Thus we have 

(12.12) Q:;{N,h)+Q+{N,h) ^ N. 

We let pjg = pjg{N) and pj^ = Pji{N) denote respectively the smallest and the 
largest primes in the interval [A^ + 1, 2N]. For smaller than average gaps between 
primes, we use the relation, for r > 1, 

QtiN,h)- E 1 + E E 1- E 1- 

N+l<n<pjg j=jo Pj<n<pj + i 2JV<n<Pjj + i 

n{n+h)~n{n)>r Pj+r+l<n+h 7r(n+/i) — 7r(n)>r 

The first and third sums are 0(7Ve-=i\'^i°s^) by the prime number theorem with 
error term, and hence 



Q+{N,h) -EE ^ + 0{Ne 

N+l<pj<2N Pj<n<pj + i 
Pj + r+l<n+h 



E {Pj+i - max(p„p,+.+i - [h\ )) + OiNe-^^^^) 



N+l<pj<2N 
Pj+T+l-Pj + l<h 



(12.13) < h E l + OiNe-"'-^^"^) 



N+l<pj<2N 
P]+r-+l-Pj + l<h 
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For larger than average gaps between primes a similar argument shows, for r > 0, 



Q;iN,h) 



J2 J2 l + 0(7Ve-^i^^) 



N+l<pj<2N Pj<n<pj + i 
Pj + r+l>n+'i 



(minfe+i,p,+,+i - Vh\)-p,) + 0(7Ve-=^^^) 



N+l<pj<2N 
Pj+r+l-Pj>h 



(12.14) < J2 iP,+r+i-Pj)+OiNe~^^^). 



N+l<pj<2N 
Pi + r+l-Pj>h 



Next, we have 
(12.15) 



2N 



Qt{N,h) = {l + oil)) 1 



Tl = Af + l 

tlj{n+h)-4){n)>p log N 



where p can be taken to be any number in the range r < p < r + 1, since the prime 
powers may be discarded with an error <ti . Also 



2N 



(12.16) 



?;(7V,/i) = (1 + 0(1)) Y 1 



n=N+l 
tlj{n+h)-ip{n)<p log N 



where again p can be taken to be any number in the range r < p < r + 1. Returning 
to (12.5), we see on applying Cauchy's inequality twice and using (12.15) that 

(12.17) 

M{h,p)< 



2N 

E 

n=N+l 
Tp{n+h)-ip{n)>plog N 



< 



2N 

E 



{ij(n + h)- tp{n)) {ijR{n + h) - ijR{n) - ClogiV) 

V 



2N 



J2 {^{n + h)-^{n)Y 



. n=N+l I 

\ip{n+h)-i(:{n)>plogN / 



(2N \ 2 

Y {i^R{n + h)-i^R{n)-C\ogNY\ 
n=N+l / 

= (1 + o(l))Q+(7V, h)-^M'^{N, h, i^)-^M'^{N, h, ^R, C)5 . 
The same argument also shows that 

(12.18) -M{h,p) < {1 + o{l))plogNQ-{N,h)Hi:,{N,h,4,R,C)^- 

and therefore we conclude that for any r < p < r + I 

M{h,p) 



-(1 + o(1))Q;(7V,/i)2 < 



(12.19) 



p\ogNM'^{N,h,xPR,C)h 
< (l + o(l))Q+(7V,/i)3 



MiiN,h,^)-^ 
p\ogN 
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To prove the first part of Theorem 1.6 we estimate the moments M^{N, h,ip) and 
M!j^(N, h, ipji, C) trivially when 1 using the inequality 



\abcd\ < -{a^ 



and the equation above (1.10) to see that 



2N 



)A(n + m2)A(n + m^)K{n + 7714) 

l<mi<h n=N+l 
l<i<i 

« ^(")' 

n<3Af 



and similarly 



M'^iN,h,4,R,C) « Mi{N,h,^PR) + N\og''N 
« Y AflH^ + iVlog^iV 



n<3N 

< hHog'R Y dinY 

n<3N 



by ( |4.14| ). Hence, subject to ( |12.4D , we see by ( |12.7| ), ( |12.13| ), and (12.19) that, for 
r > 1, and some positive constant C, 



(12.20) 



E 



1 > 



N 



N+l<pj<2N 
Pj+r+l-Pj + l<h 



log^iV 



provided p — \fWp <A<p, r<p<r + l, and < < f . Since p can be taken 



as 



close to r as we wish, we conclude that 

< r - 



where un con ditionally we may take any < < 1/4. This proves the first part of 
Theorem L£ . If we assume = 1 we can take < 6* < i . The corresponding result 
for larger than average gaps between primes is proved in the same way. 

In order to obtain positive proportion results, we need to use the generalization 
of the sieve upper bound ( 1.391) for prime fc-tuples. This result states that for the 
function 'ijjj{N) defined in (LS) where j = (ji,i2, • • ■ , jr) with the jVs distinct and 



(12.21) 



^AN) < i2W\ + e)&ij)N, 



see Theorem 5.7 of ]lq|. On applying this bound to the formulas leading to ( |1.15D 
we see that, subject to (12.4), 

(12.22) Mfc(7V,/i,V)«iV(log7V)^ 
which implies the same estimate holds for AI'f,{N, h, Next, as above 
Ml(iV, h, Vi?, C) < Afl(7V, h, xPr) + N log^ TV, 
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and therefore assuming (1.47) we have, for < 9 < j, 

(12.23) M[{N,h,iPR,C)^Nlog'^N. 
Using these estimates in ( 12.19| ) we obtain 

(12.24) > : 1 > 



E 

N+l<pj<2N 
Pj + r+l-Pj + l<h 



N 



\oeN 



part of Theorem 1.6 



under the same conditions as ( [12.20D and < 6* < i. This proves the remaining 



In an identical fashion we see that if A4{h, p) < then assuming (1.47) we have 
(12.25) Y] (pj+r+i-pj):^ N, 



E 

N+l<pj<2N 
Pj+r+l~Pj>h 



where r>Q, r<p<r+\, p<X<p + \fWp, and < < |;. Since p can be 
taken as clos e to r + 1 and 9 as close to \ as we wish, this completes the proof of 
Theorem 
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